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1.   Introduction
Thegameof tennishasprovidedmathematicianswith manyinteresting

problems.In [1], theproblemof finding theprobability thata certainplayer
wins a tennistournamentwasstudied.Gale[2] determinedthe bestserving
strategyin tennis.First, we assumeAlice and Bob play a gameof tennis
usingthe standard(or Deuce/Ad)scoringsystem,without a tiebreaker,and
that Alice servesthe game.We alsoassumethat the probability that Alice
wins any point sheservesis . Stewart[3] proved that the probability that
Alice wins is

p

15p4 − 34p5 + 28p6 − 8p7

1 − 2p + 2p2
.

We will determinethenumberof pointsAlice andBob canexpectto play in
this game.In answeringthis question,we will integratethe ideasof states,
probability matrices,the Cayley-Hamiltontheorem,generatingfunctions,
and infiniteseries.Hencethe way we obtainour answeris asimportantas
ouranswerto thequestion.Anotherexampleof theuseof this techniquecan
be found in [4].

Later,we will supposethatAlice andBob play a 9-point tiebreaker.We
will assumethat the probability thatAlice wins any point sheservesin the
tiebreakerto be andthat theprobability thatBob wins anypoint heserves
in the tiebreakerto be . We will calculatethe expectedlength of the
tiebreaker and the probability that Alice wins the tiebreaker.

p
q

2.   The states during a game
A game consistsof a sequenceof pointsplayedbetweentwo players,

Alice, theserverin this game,and Bob.The first personto win four points
and win by two points wins the game. The scoring system can be
representedby a statediagram.A scoreof no points is 0, onepoint is 15,
two pointsis 30, andthreepointsis 40. Thus, if threeor fewer pointshave
beenplayed,we havepossiblescoresof 0-0, 15-0, 0-15, 30-0,15-15,0-30,
40-0, 30-15, 15-30,0-40; the server'sscore isalwaysgiven first. Eachof
thesescoresrepresentsa stateof the game.As pointsareplayed,the game
movesfrom stateto state.Oncefour pointshave beenplayed,weeither have
a winner (the tennisgamehasreachedthe Gamestate)or we havepossible
scoresof 40-15, 15-40,and30-30.The40-15scorerepresentsa stateandso
doesthe 15-40 score.From the 40-15 or 15-40 state,the next point will
eitherdeterminea winner or a scoreof 40-30or 30-40.The 40-30score is
saidto haveenteredtheAd-in state,sincethentheservercanwin thegame
by winning just the next point. Similarly the 30-40 score hasreachedthe
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Ad-out state.A scoreof 30-30is in theDeucestate.From theAd-in or Ad-
out state,thenext point eithertakesusto theGamestateor theDeucestate.
From the Deucestate,the next point resultsin the Ad-in or Ad-out state.
Thusa game consistsof playingpointsandmoving from stateto state,until
we reachthe Gamestate.As a result,we havethe statediagram(Figure1)
whichshowsall possiblestatesandtransitionsin agame,startingat thestate
0-0 and ultimately ending in the Game state.

0-0

0-15 15-0

0-30 15-15 30-0

0-40 15-30 30-15 40-0

15-40 Deuce 40-15

Ad-out Ad-in

Game

p1 − p

p1 − pp1 − p

p1 − pp1 − pp1 − p

p

1 − pp1 − pp1 − pp

1 − p

p

1 − p
p

p

1 − p
p

p

1 − p

1 − p 1 − p

FIGURE 1: Transitions between states

Thearrows betweenstatesdenotetheprobability thatAlice or Bob win
apoint in theprocessof playingtheDeuce/Adtennisgame.We assumethat
the probability that Alice wins any point is and the probability that Bob
wins any point is .

p
1 − p

3.   Expected length of a game
Sincewe areinterestedin calculatingtheexpectedlengthof a game,we

usethe statediagramto obtain the probability matrix ; the entriesof the
matrix give the probability that we cango from onestateto anotherstate.
Therowsandcolumnsof theprobabilitymatrix representstatesin thegame.
We numberthe statesin the diagramfrom top to bottomand from left to
right. Thereare16 statesin the gamediagram.State0-0 is number1, state
0-15 is number2, state15-0 is 3, state0-30 is 4, state15-15is 5, state30-0

T
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is 6, etc.Finally, the Gamestateis number16. The entry in the matrix
denotesthe probability of moving from statenumber to statenumber in
the tennisgame.For example,sincetheprobability thatAlice wins the first
point of thegameis , andstate0-0 is number1 andstate15-0 is number3,
the 1, 3 entry in the matrix is . The probability that Bob wins the first
point is . Sincestate0-0 is 1 andstate0-15is 2, the1, 2entryof the
matrix is . For anotherexample,the probability that Bob wins the
point in state15-30 is , and state15-30 is 8 and state15-40 is 11.
Therefore,the 8, 11entry in the T matrix is . Puttingall of this into
matrix , we have

i, j
i j

p
T p

1 − p T
1 − p

1 − p
1 − p

T

T = ( )
0 1 − p p 0 0 0 … 0 0 0 0 0 0

0 0 0 1 − p p 0 … 0 0 0 0 0 0

0 0 0 0 1 − p p … 0 0 0 0 0 0

0 0 0 0 0 0 … 0 0 0 0 0 0
0 0 0 0 0 0 … 0 0 0 0 0 0
0 0 0 0 0 0 … 0 0 0 0 0 0

… … … … … …
…

… … … … … …

0 0 0 0 0 0 … 0 0 0 p 0 1 − p

0 0 0 0 0 0 … 0 0 0 1 − p p 0

0 0 0 0 0 0 … 0 0 0 0 1 − p p

0 0 0 0 0 0 … 0 p 0 0 0 1 − p

0 0 0 0 0 0 … 0 1 − p 0 0 0 p

0 0 0 0 0 0 … 0 0 0 0 0 0

We notethat theprobability thata gamegoesfrom onestateto another
state in points can be found by computing . Next, let be the
probability that the gamestarts at0-0 and endsafter the point in the
Gamestate.Therefore is theentry1, 16of . To compute , we will use
thecharacteristicpolynomialof andtheCayley-HamiltonTheorem.Based
on the structure of the  matrix, the characteristic polynomial of  is

n Tn cn

n th
cn Tn cn

T
T T

det(xI − T) = x16
+ 2p (p − 1) x14

.

Thus, by the Cayley-Hamilton Theorem,

T16
+ 2p (p − 1)T14

= O.

where,  is the 16 × 16 zero matrix. ThusO

Tn
+ 2p (p − 1) Tn − 2

= O for  n ≥ 16. (1)

Using (1), we can compute the first few values of .cn
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n cn

1 0
2 0
3 0
4 1 − 4p + 6p2 − 4p3 + 2p4

5 4p − 16p2 + 24p3 − 12p4

6 10p2 − 40p3 + 70p4 − 60p5 + 20p6

7 0
8 20p3 − 100p4 + 220p5 − 260p6 + 160p7 − 40p8

9 0
10 40p4 − 240p5 + 640p6 − 960p7 + 840p8 − 400p9 + 80p10

11 0
12 80p5 − 560p6 + 1760p7 − 3200p8 + 3600p9 − 2480p10 + 960p11 − 160p12

13 0
14 160p6 − 1280p7 + 4640p8 − 9920p9 + 13600p10 − 12160p11

+6880p12 − 2240p13 + 320p14

15 0
16 320p7 − 2880p8 + 11840p9 − 29120p10 + 47040p11 − 51520p12

+38080p13 − 18240p14 + 5120p15 − 640p16

TABLE 1: Initial values of cn

Now the expected length of the tennis game is the quantity

∑
∞

n = 1

n × cn. (2)

To calculate (2), we first determine the generating function of ,cn

f (x) = ∑
∞

n = 1

cn × xn
,

and then use the fact that

∑
∞

n = 1

n × cn = f ′ (1) .

Noting that

2p (p − 1) x2f (x) = ∑
∞

n = 1

2p (p − 1) cnxn + 2
,

we have

f (x) (1 + 2p (p − 1) x2) = ∑
∞

n = 1

cn (xn
+ 2p (p − 1) xn + 2) .



494 THE MATHEMATICAL GAZETTE

By the recurrence relation given by (1), it follows that

f (x) =
c1x + c2x + ∑

15
n = 3 (cn + 2p (p − 1) cn − 2) xn

1 + 2p (p − 1) x2
.

Examining the terms involving  and simplifying, we obtainc

f (x) =
c4x

4 + c5x
5 + (c6 + 2p (p − 1) c6)x6 + 2p (p − 1) c5x

7

1 + 2p (p − 1) x2
.

and so

f ′(1) =
4− 12p + 20p2 + 8p3 − 112p4 + 264p5 − 312p6 + 192p7 − 48p8

1 − 4p + 8p2 − 8p3 + 4p4

= 4 
1 − p + p2 + 6p3 − 18p4 + 18p5 − 6p6

1 − 2p + 2p2
.

 We define this expected length function as

F (p) = 4 
1 − p + p2 + 6p3 − 18p4 + 18p5 − 6p6

1 − 2p + 2p2

on the interval [0, 1]. Then , and
. In addition,thevaluesof at and arethe

absoluteminimums andthevalueof at is theabsolutemaximum.
For , we caninterpretthis resultby sayingthat the expectedgame
lengthbetweentwo evenlymatched playersis 6.75points.The function is
increasingon [0, 0.5] and decreasingon [0.5, 1]. A graphof the expected
length function is shown in Figure 3.

F (0) = F (1) = 4 F (0.5) = 6.75
F (1 − p) = F (p) F p = 0 p = 1

F p = 0.5
p = 0.5

6.0

5.5

5.0

4.5

4.0

6.5

0.2 0.4 0.6 0.8 1.0

FIGURE 2: Expected length of a Deuce/Ad tennis game
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4.   9-point tiebreaker
A 9-point tiebreaker in tennis adds a new dimension to our state

diagram,sincethereareonly a finite numberof pointsneededto determine
a winner and both Alice and Bob get to serve.If Alice servesfirst, she
servesthefirst 2 points,Bob servesthenext2 points,Alice servesthenext2
points,andBob servesthe final 3 points,assumingthe tiebreakerlaststhat
long. Thewinnerof the tiebreakeris the first playerto win 5 points.So the
9-point tiebreakercouldlastasfew as5 pointsor lastaslong as9 points;in
the latter case,the penultimatescorewould be 4 pointsto 4 pointsand the
winner would be the winner of the final point.

We nowdrawthestatediagramfor the9-pointtiebreaker(seeFigure3).
We will assumeAlice servesfirst and the probability that Alice wins the
pointssheservesis andtheprobability thatBob wins thepointsheserves
is . In the statediagram,Alice's score isgiven first. For example,suppose
thescore is2-3. In state2-3, Alice has2 pointsandBob has3 pointsand
Alice would be serving.The arrowscoming out of state2-3 would have
labels and , for the probabilitiesof Alice or Bob winning the 6th
point, respectively.After the6th point,thescorewould be either3-3 or 2-4,
dependingon whetherAlice or Bob won the6th point.For anotherexample,
supposethe score is4-3. In state4-3, Alice has 4 points and Bob has 3

p
q

p 1 − p

0-0 1-0

0-1

2-0

1-1

0-2

3-0

2-1

1-2

0-3

4-0
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1-3
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p
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p
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q
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q
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q
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q
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p
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p
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1

p

p

p
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p
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p

q
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q
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q
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FIGURE 3: 9-point tiebreaker



496 THE MATHEMATICAL GAZETTE

pointsandBob would beserving.Thearrowscomingout of state4-3 would
havelabels and , for theprobabilitiesof the8th point beingwon by
Bob or Alice, respectively.After the8th point,thescorewould be either4-4
or Game,dependingon whetherBob or Alice won the8th point.The initial
state of the 9-point tiebreakeris 0-0 and the final state of the 9-point
tiebreaker is Game.

q 1 − q

Next we give theprobabilitymatrix for the9-point tiebreaker.Therows
and columns of the probability matrix representstates in the 9-point
tiebreaker.Thereare26 statesin the9-point tiebreakerdiagram.We number
thestatesin the following order:state0-0 is 1, state1-0 is 2, state0-1 is 3,
state2-0 is 4, state1-1 is 5, state0-2 is 6, etc. StateGameis 26. The
entryin thematrix denotestheprobabilityof moving from statenumber to
statenumber in the tennisgame.For example,if the score is0-1, then
Alice is serving.Theprobability thatAlice wins this point is . And state0-
1 is number3 andstate1-1 is number5. Sothe3, 5entry in the matrix is
. For another example, if the score is 2-0, then Bob is serving. The

probabilitythatBob wins thispoint is . And state2-0 is 4 andstate2-1 is 8.
Sothe4, 8entryin the matrix is . For a final example,if thescore is2-4,
thenBob is serving.Theprobability thatAlice wins thepoint in thestate2-4
is , andstate2-4 is 22 andstate3-4 is 24. Therefore,the22, 24entry
in the T matrix is . Putting all of this into matrix , we have

i, j
i

j
p

T
p

q
T q

1 − q
1 − q T

T = ( )
0 p 1 − p 0 0 0 0 0 0 0 … 0 0 0

0 0 0 p 1 − p 0 … 0 0 0 … 0 0 0

0 0 0 0 p 1 − p … 0 0 0 … 0 0 0

0 0 0 0 0 0 1− q q 0 0 … 0 0 0

0 0 0 0 0 0 0 1− q q 0 … 0 0 0

0 0 0 0 0 0 0 0 1− q q … 0 0 0

0 0 0 0 0 0 0 0 0 0 … 0 0 0
0 0 0 0 0 0 0 0 0 0 … 0 0 0
0 0 0 0 0 0 0 0 0 0 … 0 0 0
0 0 0 0 0 0 0 0 0 0 … 0 0 0

… … … … … … … … … …

…

… … …

0 0 0 0 0 0 0 0 0 0 … 0 q 1 − q

0 0 0 0 0 0 0 0 0 0 … 0 1 − q q

0 0 0 0 0 0 0 0 0 0 … 0 0 1
0 0 0 0 0 0 0 0 0 0 … 0 0 0

In the9-point tiebreakersystem,we cancomputetheexpectedlengthof
a 9-point tiebreakerandAlice's chanceof winning a 9-point tiebreakerby a
direct,all-be-it large,calculationusingour statediagramand matrix. To
tackletheexpectedlengthquestion,we seethattheexpectedlengthof the9-
point tiebreaker is the quantity

T

5 × (T5)1,26 + 6 × (T6)1,26 + 7 × (T7)1,26 + 8 × (T8)1,26 + 9 × (T9)1,26 .
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The probability that Alice wins the 9-point tiebreaker is the quantity

p × (T4)1,11 + p × (T5)1,16 + (1 − q) × (T6)1,20 + (1 − q) × (T 7)1,23 + (1 − q) × (T8)1,25.

Using Mathematica on a RaspberryPi, we can compute all of these
quantities. We start with the table of entries for certain powers of .T

i j n (Tn)i,j

1 26 5 p3 − 2p3q + q2 − 3pq2 + 3p2q2

1 26 6 3p3 − 3p4 + 2q − 8pq + 12p2q − 14p3q + 10p4q − 2q2

 + 11pq2 − 21p2q2 + 20p3q2 − 10p4q2

1 26 7 6p2 − 12p3 + 6p4 + q − 4pq − 12p2q + 40p3q − 25p4q
 − 2q2 + 16pq2 − 18p2q2 − 20p3q2 + 25p4q2 + q3

 − 12pq3 + 30p2q3 − 20p3q3

1 26 8 4p − 12p2 + 12p3 − 4p4 + q − 20pq + 72p2q − 88p2q
 + 35p4q − 3q2 + 48pq2 − 180p2q2 + 240p3q2 − 105p4q2

 + 3q3 − 52pq3 + 210p2q3 − 300p3q3 + 140p4q3 − q4

 + 20pq4 − 90p2q4 + 140p3q4 − 70p4q4

1 26 9 1 − 4p + 6p2 − 4p3 + p4 − 4q + 32pq − 72p2q + 64p3q
 − 20p4q + 6q2 − 72pq2 + 216p2q2 − 240p3q2 + 90p4q2

 − 4q3 + 64pq3 − 240p2q3 + 320p3q3 − 140p4q3 + q4

 − 20pq4 + 90p2q4 − 140p3q4 + 70p4q4

1 11 4 p2 − 2p2q + p2q2

1 16 5 3p2 − 3p3 − 6p2q + 8p3q + 3p2q2 − 5p3q2

1 20 6 6p2 − 12p3 + 6p4 − 12p2q + 32p3q − 20p4q + 6p2q2

 − 20p3q2 + 15p4q2

1 23 7 4p − 12p2 + 12p3 − 4p4 − 12pq + 54p2q − 72p3q + 30p4q
 + 12pq2 − 72p2q2 + 120p3q2 − 60p4q2 − 4pq3 + 30p2q3

 − 60p3q3 + 35p4q3

1 25 8 1 − 4p + 6p2 − 4p3 + p4 − 4q + 32pq − 72p2q + 64p3q
 − 20p4q + 6q2 − 72pq2 + 216p2q2 − 240p3q2 + 90p4q2

 − 4q3 + 64pq3 − 240p2q3 + 320p3q3 − 140p4q3 + q4

 − 20pq4 + 90p2q4 − 140p3q4 + 70p4q4

TABLE 2: Entries of certain powers of T

Using the table of entriesof powersof , we find that the expected
lengthof a 9-point tiebreakerbetweenAlice (servingfirst with probability
of winningherservicepoints)andBob (servingsecond withprobability of
winning his service points) is

T
p

q

9 − 4p − p3
+ p4

− 9q + 52pq − 84p2q + 58p3q − 15p4q + 9q2

−101pq2
+ 267p2q2 − 260p3q2

+ 85p4q2
− 5q3

+ 76pq3
− 270p2q3

+340p3q3
− 140p4q3

+ q4
− 20pq4

+ 90p2q4
− 140p3q4

+ 70p4q4
.
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In addition, the probability that Alice wins the 9-point tiebreaker is

1 − 5q + 20pq − 30p2q + 20p3q − 5p4q + 10q2
− 80pq2

+ 180p2q2
− 160p3q2

 + 50p4q2
− 10q3

+ 120pq3
− 360p2q3

+ 400p3q3
− 150p4q3

+ 5q4
− 80pq4

 + 300p2q4
− 400p3q4

+ 175p4q4
− q5

+ 20pq5 − 90p2q5
+ 140p3q5

− 70p4q5
.

If Alice and Bob are evenly matched(i.e. ), then the expected
length of the 9-point tiebreaker is

p = q

9 − 13p + 61p2
− 191p3

+ 403p4
− 565p5

+ 515p6
− 280p7

+ 70p8
.

We define theexpectedlengthof a 9-point tiebreakerbetweentwo evenly
matched players as

G (p) = 9 − 13p + 61p2
− 191p3

+ 403p4
− 565p5

+ 515p5
− 280p7

+ 70p8

on the interval [0, 1]. Then , and
. In addition,thevaluesof at and arethe

absolutemaximumsandthevalueof at istheabsoluteminimum.
For , we caninterpretthis resultby sayingthat theexpectedlength
of a 9-point tiebreakerbetweentwo evenly matched playersis 7.5390625.
Thefunction is decreasingon [0, 0.5] andincreasingon [0.5, 1]. The graph
of this function between  is shown in Figure 4.

G (0) = G (1) = 9 G (0.5) = 965/ 128
G (1 − p) = G (p) G p = 0 p = 1

G p = 0.5
p = 0.5

0 ≤ p ≤ 1

9.0

8.5

8.0

0.2 0.4 0.6 0.8 1.0

FIGURE 4: Length of 9-point tiebreaker

And, if Alice and Bob are evenly matched( ) and Alice serves
first in the9-pointtiebreaker,thentheprobabilitythatAlice wins the9-point
tiebreaker is

p = q

1 − 5p + 30p2
− 120p3

+ 325p4
− 606p5

+ 770p6
− 640p7

+ 315p8
− 70p9

.

We define the probability that Alice serves first and wins a 9-point
tiebreaker between two evenly matched players as

H (p) = 1 − 5p + 30p2
− 120p3

+ 325p4
− 606p5

+ 770p6
− 640p7

+ 315p8
− 70p9

.
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on the interval [0, 1]. Then , , and
. In addition,thevalueof at isanabsolute

maximum andthe value of at is an absoluteminimum. An
interestingobservationin this situation is that Alice's chancesof
winning the 9-point tiebreakerare better than Bob's if and
Bob's chancesof winning the 9-point tiebreakerare better than Alice's if

. In addition,thefunctionis decreasingon [0, 1]. Thegraphof
this function for  is shown in Figure 5.

H (0) = 1 H (1) = 0 H (0.5) = 0.5
H (1 − p) = 1 − H (p) H p = 0

H p = 1
(p = q)

0 ≤ p < 0.5

0.5 < p ≤ 1
0 ≤ p ≤ 1

1.0

0.8

0.6

0.4

0.2

1.00.80.60.40.2

FIGURE 5: Probability Alice wins 9-point tiebreaker

5.  Open questions
In tennis,a shorthandway of describingthestandardscoringsystemin

tennisis to saythat the winning player is the first oneto win points
andto win by 2 or morepoints.To generalisethis scoringsystem,we can
saythatthewinnerof a gameis thefirst oneto win pointsandto win
by or more points. The winner of a 9-point tiebreakermust win
pointsand win by at least1 point. There is an alternativescoringsystem
where and . The 12-point tiebreakerin tennis is the system
where and , and, the 10-point tiebreakeris the systemwhere

 and .

i ≥ 4

i ≥ n
k i = 5

n = 4 k = 1
n = 7 k = 2

n = 10 k = 2
It might be interestingto study the expectedlength of thesedifferent

scoringsystemsandtheprobabilitythata certainplayerwins in thatscoring
system.
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