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An Algebraic Investigation of the APL “Grade-Up”

Function

Curtis N. Cooper, Robert E. Kennedy, Clarence H. Best
Central Missouri State University
Warrenshurg, Missouri

APL is a powerful computer language which derives its elegance from its
versatility in handling arrays. Its highly symbolic notation makes it a
language especially suitable for mathematical and scientific programming. It
is hard not to appreciate a language which enables the programmer to write
shorter programs for the solution of problems than would be required using
other languages.

Here, we do not intend to go into detail about APL. In fact, no knowledge
of APL is needed to understand what follows. The purpose of this article is
to investigate the so-called “grade-up” function of APL from an algebraic
viewpoint. Although we have tried to make what fQllows as self-contained
as possible, the references given at the end of this article will include the
necessary background needed with respect to algebra and the APL lan-
guage,

The grade-up function, 1 V. outputs the relative positions of the elements
of a vector (ordered n-tuple), V. in ascending order. That is. if the jth
coordinate of a vector ¥ is V(i), then T ¥ returns a vector I consisting of
Some rearrangement of the indices of V. that would order V. in the sense
that

viul = vt v

has its elements in increasing order. Thus one use of the grade-up function
is to sort a list. For example, suppose that V is a list of numbers, Then the
APL statement

Vit v]

outputs the elements of V in ascending order. For a specific example, let
V=(5.4.6.9, 3). Then the position of the smallest component (which is 3)
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is in position 5, the position of the next smallest component (which is 4) is
in position 2, and so forth. Thus

1V = (5.2.1.3.4).

If it happens that ¥ has duplicate components, then the grade-up function
outputs the indices of the duplicates in ascending order. So. for example,

T{23.215) = @ 1.3.2.5).

The motivation for what follows was the problem. “characterize all
vectors ¥ such that T V' = J™, together with the desire to use the algebraic
theory of permutations to mathematlcally characterize the action of the
grade-up function. -

Let S, be the set of permutations on the set of positive integers less than
or equal 10 n, and let R” denote the collection of ordered s-tuples over the
real numbers. We define the mapping £: §, — R" by

Fls) = (s(1).5(2). 5B . .. 5(m)). for seS, .
Since each 5§, is a one-to-one mab‘p‘ing. it is immediate that £ is also a one-
10-0ne mapping.
For each seS,,. define
Ps = {(X}..X_‘z, it UXﬂ)ERn | .Xs(j) = x._s{jH). f’OTj- = ]sz kA vl " WhCTe
~ 1is replaced by
0ol = S(j + 1) and is replaced by < if s(j) > s(; + 1))

To exemplify the concept of B, suppose that n = 4 and seS, where s(1) = 3.
5(2) = 1.5(3) = 2 and 5{4) = 4. Then.

= {(\x‘l\\x:z,x:;\Yg‘)ER l X3 ot X3 e \2 \4}

Hence, the elemems of P have their elements ordered by their permuted
indices. Also note that the strict inequality forces each P to be disjoint from
the other P’s. Thus every collection of n real numbers can be sorted in
ascending vorder with respect to ~ in exacﬂy one way and so, we have the
following theorem

Theorem 1. The coilection {P | seS,) is a partition of R" for each positive
inreger n.

As an example of how one may determine the partition class to which a
particular ¥ belongs, consider V' = (1.5,2.0,=3)eR*. Then Ve R where
(1) = 4.5(2) = 3.5(3) = 1, and s(4) = 2.
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II'VeR", then VeP for exactly one seS, by the above theorem. In addition.
if V= (x.x;....,x,), then the list of components Xp Xgo oo Xj, it
ascending order is

Xs(1) Fs(2)2 -+ Xsfn)® for some seS,,.

This leads to the following definition which corresponds to the APL
definition of T V.

Definition.  Define the mapping
T: R"— R"
by 1V = F(s) where VeP, for sS, .

The next theorem describes what the grade-up function does to the vector
F(s). Recall that when considering S, as a multiplicative group. s~! denotes

‘the multiplicative inverse of s.

Theorem 2. T F(s) = F(s7") for each seS, .
Proof Note that

TF(s) =1 (s(1).5Q2). ....5(n)) = (iyiq.. ... in)

where s(i;) = 1, 5(;) = 2, ..., s(i,) = n. Since for each m = 1.2, ... n.
we have that s7'(s(i,,)) = i, it follows that s™Vm) = i, for m = 1.2,
....nThus T F(s) = F(s7") since

F™) = 67T @) . s~ ) = Gyedye . , il

From Theorems I and 2, we have the following corollaries.

Corollary.  Forany VeR" 111V =1 Vwhere 1 1 T V denotes? @@
Proof For seS,, let VeR. The proof of the corollary follows since

V=117 = FT) = FG) D =) =17

Corollary.  Let seS,. Then T F(s) = F(s) if and only if s = 57" (that is, s* is
the identity permutation),

Proof 1f s = 57! then Theorem 2 gives that T F(s) = F(s). If, on the other

hand. T F(s) = F(s). it follows from Theorem 2 that F(s™) = F(s). But

then s™! = s since Fis a one-to-one mapping.
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The following result answers the question of when T V = .

Theorlem 3. Let VeR for seS,. Then T V = V if and only if V.= F(s) and s
=g,

Proof 1f V = F(s)and s = 571, then it follows from the above corollary
that TV = V. If 1 VV = V, then by the definition of 1.V = F(s), and again
by the above corollary, s = 57!, ‘

As a demonstration of Theorem 3, let seS, where s(1) = 2.5(2) = 1, 5(3)
= 4 and 5(4) = 3. Here s = 57! and F(s) = (2.1,4.3). Thus if V = (2.1,
4.3). Vis such that T V = V.

The preceding theorems and corollaries were intended to demonstrate
how it is possible to investigate a particular APL function from an algebraic
standpoint. Other such functions can also be studied in similar way. For
example, you might wish to investigate the “grade-down™ APL function in
this same spirit.

The grade-down function, | V. outputs the relative positions of the
elements of a vector, V, in descending order. One way to investigate this
function is to realize that | ¥V = T (=V) where -V represents the vector
found by replacing each component of } by its negative. Using this, we
would like to conclude this paper by presenting some questions which you
might wish to consider. '

. Find conditions on a vector V such that V=1
2. Prove or disprove. If VeR",

@ilillr=]v
®ITLNLr=1w
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