
An offprint from 

The
Mathematical
Gazette

Alice's adventures in inverse tan land

Volume 103
Number 558
November 2019

THE MATHEMATICAL ASSOCIATION £33.00



THE CRAZY ELEPHANT DANCE AND SIMILAR PUZZLES 431

The Chinese Ring puzzle, the Crazy Elephant
Dance puzzle, the b-Spinout puzzle, and Gray codes

CURTIS COOPER

1.  Chinese ring puzzle and the Spinout puzzle
TheChineseRing puzzleconsistsof a long loopwith a handleon one

end and nine rings entwined on the loop (see Figure 1).

FIGURE 1: Chinese Ring puzzle

The objectiveof the puzzleis to remove thenine ringsfrom the long
loop.Theringsareattachedto thelong loopsothattheonly possiblemoves
are:

1. The rightmost ring can be removed or replaced on the long loop.
2. Any otherring canberemovedor replacedon theloop if thering to

its right is on the loop andall theother ringsto theright areoff the
loop.

A demonstrationof thesolutionto theChineseRing puzzlecanbe foundat
[1]. EdouardLucasdiscoveredanelegantsolutionto thepuzzleusingbinary
Graycodes. A gooddiscussionof thepuzzleandits solutioncanbe found
in Knuth [2]. The ‘Lichtenbergsequence’[3, A000975]givesthenumberof
steps to solve the puzzle.

The Spinoutpuzzle,a variantof the ChineseRing puzzle,was created
by William Keister (see Figure 2).

FIGURE 2: Spinout puzzle

The Spinoutpuzzleconsistsof a tray with a notch andsevenspinners
which canslide backand forth in the tray. The sevenspinnersare initially
locked.Thegoalof thepuzzleis to unlockall of thespinners,in which case
thespinnerscanberemovedfrom the tray. To lockor unlocka spinner,the
spinnermustbe abovethe notchandthespinnerimmediatelyto its right is
locked and the other spinnersto its right are unlocked.The puzzleand a
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demonstrationof some moves in the puzzle can be found at [4]. The
mathematicalliterature containsmany articles about the puzzle and its
solution [5, 6].

2.  Crazy Elephant Dance puzzle
The Crazy Elephant Dance puzzle is a generalisedversion of the

Spinout puzzle (see Figure 3).

FIGURE 3: Crazy Elephant Dance puzzle

The puzzlewasinventedby MarkusGötzandwasenteredin thedesign
competitionat the25th InternationalPuzzleParty(IPP25) heldin Helsinki.
A demonstration of the moves in the puzzle can be seen at [7].

The puzzleconsistsof a tray with a notchandfive elephantsin the tray.
Initially, all the elephantshavetheir snoutsup. The elephantscan slide in
thetraybut canonly beremovedfrom thetray if all theelephantshavetheir
snoutsdown.Thegoal of thepuzzleis to removeall theelephantsfrom the
tray in the shortestnumberof moves.An elephantcan only be turned to
snout up, right, or down if it is locatedabovethe notch and oneof the
following conditions are met.

1. An elephantin thenotchcanturn its snoutbetweenupor right, if all
the elephants to the right of the notch have their snouts down.

2. An elephantin thenotchcanturn its snoutbetweenright or down,if
theelephantto its right hasits snoutup andall the otherelephants
to the right have their snouts down.

A demonstrationof the snout moves in the Crazy ElephantDance
puzzlecanbe observedin [8]. A discussionof the puzzleandsomeof our
results can be found [9].

To model the puzzle, we considereachelephant'ssnout as abase3
digit; thedigit 2 meanstheelephant'ssnoutis up, 1meansits snoutis right,
and0 meansits snout is down.The generalCrazy ElephantDancepuzzle
consistingof elephant'ssnoutsis an -digit base3 number,including
leadingzeros.We numberthedigits from 1 to , startingwith therightmost
(leastsignificant)digit. Thefirst digit is thepositionof the rightmost(first)
elephant'ssnout, the seconddigit is the position of the secondelephant's
snout,the third digit is the position of the third elephant'ssnout,etc. The

 digit is the position of the  elephant's snout.

m ≥ 1 m
m

m th m th
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We model the movementof the snoutsas an orderingof the -digit
base3 numbers,starting with 2's andending with 0's. The base3
numbersin the orderingmimic the constraintsin moving the snoutsin the
CrazyElephantDancepuzzle.To give the constraints,let . The

digit canchangefrom 1 to 2 (or 2 to 1) if all thedigits to its right are0.
Insteadof saying‘can changefrom 1 to 2 (or 2 to 1)’, we will say ‘toggle
between1 and 2’ or simply write . The digit can toggle
between0 and1 if thedigit to its right (the ) is a 2 andall theother
digits to its right are 0. It should be noted that the first digit can toggle
between0 and1 or togglebetween1 and2 sincethereareno digits to its
right. We can express these values using the notation below.

m
m m

1 ≤ j ≤ m
j th

(1 ↔ 2) j th
(j − 1) th

Rules to change base 3 numbers
Let bea non-negativeinteger.Thentheendingsof thebase3 numberscan
change as follows.

n

Rule 1.  .(1 ↔ 2) 0 … 0{n

Rule 2.  .(0 ↔ 1) 20 … 0{n

With this model,thegoal of thepuzzleis to produceanorderingof the
base3 -digit numbers,startingwith andusingRules1 and2 to find

the shortest sequence to the base 3 number .

m 2 … 2{m
0 … 0{m

At this point, anexampleof thesolutionto the3 CrazyElephantDance
puzzle may be helpful. The sequence which solves the puzzle is:

222, 221, 220, 210, 211, 212, 202, 201, 200, 100, 101, 102,
112, 111, 110, 120, 020, 010, 011, 012, 002, 001, 000.

For example,222canchangeto 221 byRule 1 and212 canchangeto 202
by Rule 2.

We will give a solutionto the puzzlewith elephantsandprove that
this solution takes the minimum number of steps.

m

The solution changing the -digit base 3 numberm
 to 2 … 2{m

0 … 0{m

accordingto our two rules,can be describedby two recursivefunctions
and . The functions are described in the following definition.

An

Bn

Definition 1: Let  be a positive integer. Letn

An =








−1, −1 if n = 1

An − 1, −n, Bn − 1, −n, Bn − 1
 

otherwise
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and

Bn =








1,  1 if n = 1

Bn − 1, n, Bn − 1
 , n otherwise.

In thisdefinition, , where , meansincreasethe digit by 1 and ,
where , meansdecreasethe digit by 1.Also, means reversethe
steps in the  algorithm.

n n ≥ 1 n th −n
n ≥ 1 n th Bn



Bn

We are now ready to state our theorem.
Theorem 1: Let bea positive integer.Thefunction changesthe -digit
base 3 number from

m Am m

 to 2 … 2{m

0 … 0{m

one digit at a time accordingto the rules of the Crazy ElephantDance
puzzle in the minimum numberof steps. Thefunction changesthe
digit base 3 number from

Bm m

 to 0 … 0{m

20 … 0{m − 1

one digit at a time accordingto the rules of the puzzle in the minimum
number of steps.

With this theorem, we can solve the  puzzle with the function .m ≥ 1 Am

Proof: The proof is by induction on .m

: Since , the number2 becomes1 and then0 in two
steps.This changes2 to 0, onedigit at a time accordingto the rulesof the
puzzle in the smallestnumberof moves.Since , the number0
becomes1 and then2 in two steps.This changes0 to 2, onedigit at a time
according to the rules of the puzzle in the smallest number of steps.

m = 1 A1 = −1, −1

B1 = 1,  1

Induction Step: Assume  and that  changesm > 1 Am − 1

 to ,2 … 2{m − 1

0 … 0{m − 1

one digit at a time accordingto the rules of the puzzle in the smallest
number of steps and  changesBm − 1

 to ,0 … 0{m − 1

20 … 0{m − 2

onedigit at a time andaccordingto the rulesof the puzzlein the smallest
number of steps.

First, we will show that the algorithm

Am = Am − 1, −m, Bm − 1, −m, Bm − 1
  



THE CRAZY ELEPHANT DANCE AND SIMILAR PUZZLES 435

changes to , onedigit at a time accordingto the rulesof the

puzzlein theminimum numberof moves.Theonly way to changethemost
significantdigit from 2 to 1 is to changetheleastsignificant digits to

. Since the least significant digits start at , by the

inductionhypothesis,thealgorithm doesthis in theminimum number
of moves.Thenthemove changesthe digit from 2 to 1. Fromhere,
theonly way to changethemostsignificantdigit from 1 to 0 is to changethe
leastsignificant to . Again, by the inductionhypothesis,the

algorithm changesthe leastsignificant digits from to

. And the algorithmdoesthis changein theminimum number

of moves.Next, the move changesthe digit from 1 to 0. And
finally, by the induction hypothesis,the algorithm changesthe least
significant digits from to andin theminimumnumber

of moves. Therefore, changes to , one digit at a time

according to the rules of the puzzle in the minimum number of moves.

2 … 2{m

0 … 0{m

m − 1
0 … 0{m − 1

m − 1 2 … 2{m − 1

Am − 1

−m m th

m − 1 20 … 0{m − 2

Bm − 1 m − 1 0 … 0{m − 1

20 … 0{m − 2

Bm − 1

−m m th
Bm − 1
  

m − 1 20 … 0{m − 2

0 … 0{m − 1

Am 2 … 2{m

0 … 0{m

  Next, we will show that the algorithm

Bm = Bm − 1, m, Bm − 1
  

, m

changes to , onedigit at a time accordingto the rulesof the

puzzlein theminimum numberof moves.Theonly way to changethemost
significantdigit from 0 to 1 is to changetheleastsignificant digits to

. Since the least significant digits start at , by the

inductionhypothesis,thealgorithm doesthis in theminimum number
of moves.Thenthemove changesthe digit from 0 to 1. Fromhere,
theonly way to changethemostsignificantdigit from 1 to 2 is to changethe
leastsignificant digits to . Again, by the inductionhypothesis,

thealgorithm changesthe leastsignificant digits from

to . And the algorithm,by the induction hypothesis,doesthis

changein the minimum numberof moves.Next, the move changesthe
digit from 1 to 2. Therefore, changes to , onedigit at

0 … 0{m

20 … 0{m − 1

m − 1
20 … 0{m − 2

m − 1 0 … 0{m − 1

Bm − 1

m m th

m − 1 0 … 0{m − 1

Bm − 1
  

m − 1 20 … 0{m − 2

0 … 0{m − 1

Bm − 1
  

m
m th Bm 0 … 0{m

20 … 0{m − 1
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a time accordingto the rules of the puzzle in the minimum number of
moves.

This completes the proof.

Next, we give the solutionto the CrazyElephantDancepuzzlewith 4
elephants. The solution is:

A4 = A3, −4, B3, −4, B3


= A2, −3, B2, −3, B2


, −4, B2,  3, B2


,  3, −4, −3, B2, −3, B2


= A1, −2, B1, −2, B1


, −3, B1,  2, B1


,  2, −3, −2, B1, −2, B1


, −4, B1,

2, B1


,  2,  3, −2, B1, −2, B1


,  3, −4, −3, B1,  2, B1


,  2, −3,

−2, B1, −2, B1


= −1, −1, −2,  1,  1, −2, −1, −1, −3,  1,  1,  2, −1, −1,  2, −3, −2,

 1,  1, −2, −1, −1, −4,  1,  1,  2, −1, −1,  2,  3, −2,  1,  1, −2, −1,

−1,  3, −4, −3,  1,  1,  2, −1, −1,  2, −3, −2,  1,  1, −2, −1, −1.
The 4 digit base3 sequence,showingeachnumberin the solutionof

the4 elephantpuzzleis knownasthe (3, 4)-Graycode.ThetermGraycode
comesfrom FrankGray,anengineerfor Bell Laboratories.A discussionof
Gray codesand their history can be found in [10, 11, 12]. The (3, 4)-Gray
code is given below.
2222, 2221, 2220, 2210, 2211, 2212, 2202, 2201, 2200, 2100, 2101, 2102,
2112, 2111, 2110, 2120, 2020, 2010, 2011, 2012, 2002, 2001, 2000, 1000,
1001, 1002, 1012, 1011, 1010, 1020, 1120, 1110, 1111, 1112, 1102, 1101,
1100, 1200, 0200, 0100, 0101, 0102, 0112, 0111, 0110, 0120, 0020, 0010,
0011, 0012, 0002, 0001, 0000.

The numberof steps, , , in the sequences and in the Crazy
ElephantDancepuzzleproducesan interestingsequence.Hereis numerical
data for the first few Crazy Elephant Dance puzzles.

an bn An Bn

n an bn

1 2 2
2 8 6
3 22 14
4 52 30
5 114 62
6 240 126
7 494 254
8 1004 510
9 2026 1022

10 4072 2046
11 8166 4094
12 16356 8190
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Thesesequencessatisfy the recurrencerelations , , and
for 

a1 = 2 b1 = 2
n ≥ 2

an = an − 1 + 2bn − 1 + 2,

bn = 2bn − 1 + 2.

The sequence  is [3, A005803]. The sequence  is [3, A000918].an bn

We have a closed form for  and . For ,an bn n ≥ 1

an = 4 · 2n − 2n − 4,

bn = 2 (2n − 1) ,

3.  -spinout puzzleb
In this section,we wish to generalisethe ChineseRing puzzle and

Crazy ElephantDancepuzzleto the -spinoutpuzzlewith
spinners.It turns out that the ChineseRing puzzleis the 2-spinoutpuzzle
with 9 rings andthe Crazy ElephantDancepuzzle is the 3-spinoutpuzzle
with 5 elephants.

(b ≥ 2) m ≥ 1

To modelthis puzzle,we considereachspinneras abase digit; the
digit meansthespinneris lockedandthedigit 0 meansthespinneris
unlocked.The generalstateof the -spinoutpuzzle consistingof
spinnersis representedasan -digit base number,includingleadingzeros.
Thefirst digit is thepositionof therightmost(first) spinner,theseconddigit
is the position of the secondspinner,the third digit is the position of the
third spinner, etc. The  digit is in the position of the  spinner.

b
b − 1

b m ≥ 1
m b

m th m th
The moves of the spinnersin this puzzle can be consideredas an

ordering of the -digit base numbers,starting with 's and
finishing with 0's.The base numbersin the orderingshouldmimic the
constraintsin moving the spinnersin the -spinout puzzle. To state the
constraints,let . The digit can toggle between and

if all the digits to its right are 0. The digit can toggle between
and if thedigit to its right (the digit) is a and

all the other digits to its right are 0, etc. And, the digit can toggle
between0 and1 if thedigit to its right (the digit) is 2 andall the
other digits to its right are 0. These  rules are listed below.

m b m b − 1
m b

b
1 ≤ j ≤ m j th b − 2

b − 1 j th
b − 3 b − 2 (j − 1) th b − 1

j th
(j − 1) th

b − 1

Rules to change base  numbersb
Let be a non-negativeintegerand be aninteger.Thentheendings
of the base  numbers can change as follows.

n b ≥ 2
b

1.  .(b − 2 ↔ b − 1) 0 … 0{n

2.  .(b − 3 ↔ b − 2) (b − 1) 0 … 0{n
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3.  .(b − 4 ↔ b − 3) (b − 2) 0 … 0{n

…

.  .b − 1 (0 ↔ 1) 20 … 0{n

With this model,thegoal of thepuzzleis to produceanorderingof the
base -digit numbers,startingwith and, using the

rules to changebase numbers,find the shortestsequenceto the base
number .

b m (b − 1) … (b − 1){m

b b
0 … 0{m

Next, we will solvethe4-spinoutpuzzle.A discussionof the -spinout
puzzlefor is omitted.However,its solutionwould be similar to the
solution of the -spinout puzzles for .

b
b > 4

b b ≤ 4

4.  Solution to 4-spinout puzzle
For the4-spinoutpuzzle,we startwith the -digit numberconsistingof

3's. This is the initial -digit base4 number.The following rules state
how digits can change.

m
m m

Rules to change base 4 numbers
Let bea non-negativeinteger.Thentheendingsof thebase4 numberscan
change as follows.

n

1.  .(2 ↔ 3) 0 … 0{n

2.  .(1 ↔ 2) 30 … 0{n

3.  .(0 ↔ 1) 20 … 0{n

We notethat the first digit canchangefrom 0 to 1, or 1 to 2, or 2 to 3.
Theother digitscanonly changeif their conditionsmatchoneof the
three conditions in the 4-spinout puzzle.

m − 1

To describethesolutionto the4-spinoutpuzzle,wedefine thefollowing
three functions.

Definition 2:
Let  be a positive integer. Letn

An =







−1, −1, −1 if n = 1

An − 1, −n, Bn − 1, −n, − (n − 1) , −n, Cn − 1 otherwise,
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and

Bn =








1,  1,  1 if n = 1

Cn − 1
  

, n, n − 1, n, Bn − 1
 , n otherwise,

and

Cn =







−1, −1 if n = 1

Bn − 1, −n, − (n − 1) , −n, Cn − 1 otherwise.

We can now state the following theorem.

Theorem 2: Let bea positive integer.Thefunction changesthe -digit
base 4 number from

m Am m

 to ,3 … 3{m

0 … 0{m

one digit at a time accordingto the rules of the 4-spinoutpuzzle in the
minimum numberof steps. Thefunction changesthe digit base4
number from

Bm m

 to ,0 … 0{m

30 … 0{m − 1

one digit at a time accordingto the rules of the 4-spinoutpuzzle in the
minimum numberof steps. Thefunction changesthe digit base4
number from

Cm m

 to ,20 … 0{m − 1

0 … 0{m

one digit at a time accordingto the rules of the 4-spinoutpuzzle in the
minimum number of steps.

The proof that these definitions solve the 4-spinout puzzle in a
minimumnumberof movesis by inductionandis similar to theproof of the
Crazy Elephant Dance puzzle. We omit this proof.

We now presentanexampleof thesolutionto the4-spinoutpuzzlewith
4 blocks. The solution is:

A4 = A3, −4, B3, −4, −3, −4, C3

= A2, −3, B2, −3, −2, −3, C2, −4, C2


,  3,  2,  3, B2


,  3, −4, −3, −4,

B2, −3, −2, −3, C2

= A1, −2, B1, −2, −1, −2, C1, −3, C1


,  2,  1,  2, B1


,  2, −3, −2, −3,

B1, −2, −1, −2, C1, −4, C1


,  2,  1,  2, B1


,  3,  2,  3, −2, B1, −2, −1, −2,

C1,  3, −4, −3, −4, C1


,  2,  1,  2, B1


,  2, −3, −2, −3, B1 − 2, −1, −2, C1
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= −1, −1 − 1 − 2,  1,  1,  1, −2, −1, −2, −1, −1, −3,  1,  1,  2,  1,  2, −1, −1,

−1,  2, −3, −2, −3,  1,  1,  1, −2, −1, −2, −1, −1, −4,  1,  1,  2,  1,  2, −1,

−1, −1,  3,  2,  3, −2,  1,  1,  1, −2, −1, −2, −1, −1,  3, −4, −3, −4,  1,  1,  

 2,  1,  2, −1, −1, −1,  2, −3, −2, −3,  1,  1,  1, −2, −1, −2, −1, −1.
The4-digit base4 sequence,showingeachnumberin thesolutionof the

4-spinout puzzle is given below.

3333, 3332, 3331, 3330, 3320, 3321, 3322, 3323, 3313, 3312, 3302, 3301,
3300, 3200, 3201, 3202, 3212, 3213, 3223, 3222, 3221, 3220, 3230, 3130,
3120, 3020, 3021, 3022, 3023, 3013, 3012, 3002, 3001, 3000, 2000, 2001,
2002, 2012, 2013, 2023, 2022, 2021, 2020, 2120, 2130, 2230, 2220, 2221,
2222, 2223, 2213, 2212, 2202, 2201, 2200, 2300, 1300, 1200, 0200, 0201,
0202, 0212, 0213, 0223, 0222, 0221, 0220, 0230, 0130, 0120, 0020, 0021,
0022, 0023, 0013, 0012, 0002, 0001, 0000.

Thenumberof steps, , , , in thesequences , and in the4-
spinoutpuzzleproducessomeinterestingsequences.Hereis numericaldata
for the first few 4-spinout puzzles.

an bn cn An Bn Cn

n an bn cn

1 3 3 2
2 12 9 8
3 33 21 20
4 78 45 44
5 171 93 92
6 360 189 188
7 741 381 380
8 1506 765 764
9 3039 1533 1532

10 6108 3069 3068
11 12249 6141 6140
12 24534 12285 12284

Thesesequencessatisfy the recurrencerelations , and
, and for 

a1 = 3 b1 = 3
c1 = 2 n ≥ 2

an = an − 1 + bn − 1 + cn − 1 + 4,

bn = bn − 1 + cn − 1 + 4,

cn = bn − 1 + cn − 1 + 3.

The sequence is a translationof [3, A000295] multiplied by 3. The
sequence is [3, A068156]andthesequence is [3, A131128].We have
the closed forms for ,  and .

an

bn cn

an bn cn
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For ,n ≥ 1

an = 6 · 2n − 3n − 6,

bn = 3(2n − 1) ,

cn = 3(2n − 1) − 1.

Acknowledgement
Theauthorwishesto thankananonymousrefereefor reference[9] and

suggestions which greatly improved the paper.

References
1. Jenny Saqiurila,How to solvetheChinesering puzzle(2016),available

at https://www.youtube.com/watch?v=nylgimP-NrQ.
2. D. E. Knuth, Generating all -tuples, The art of computer

programming, Volume 4A: Enumeration and Backtracking, pre-
fascicle 2a, www-cs-faculty.stanford.edu/~knuth/fasc2a.ps.gz

n

3. N. J. A. Sloane,The on-line encyclopedia of integer sequences (2018),
available at http://oeis.org

4. John the Geometer, Spin Out solution (2010), available at
https://www.youtube.com/watch?v=IkrcDefud2k

5. R. L. Lamphere,A recurrencerelation in the Spinoutpuzzle,College
Mathematics Journal 27 (4) (1996) pp. 286-289.

6. L. Merrill, T. Van and P.Cull, A tale of two puzzles,Proceedings of
REU in Mathematics at Oregon State (2010) pp. 101-147.

7. TwistyPuzzles.com, Crazy Elephant Dance, accessed April 2019 at
http://www.twistypuzzles.com/cgi-bin/puzzle.cgi?pkey=4415

8. Kastellorizo, Crazy Elephant Dance puzzle (2015), available at
https://www.youtube.com/watch?v=52cTbD7v8FI

9. H. Götz,CrazyElephantDancein Homage to a Pied Puzzler, (eds.E.
PeggJr., A. H. Schoenand T.Todgers),A. K. Peters(2008)pp. 165-
174.

10. F. Gray, Pulse Code Communication, United StatesPatentNumber
2632058, March 17, 1953.

11. Wikipedia, Gray Code (2019), available at
https://en.wikipedia.org/wiki/Gray_code#n-ary_Gray_code

12. A. Nijenhuis and H. Wilf, Combinatorial Algorithms for Computers
and Calculators (2nd edn.), Academic Press, New York (1978).

10.1017/mag.2019.103 CURTIS COOPER
School of CS & Math., University of Central Missouri, Warrensburg,

 MO 64093 USA
e-mail: cooper@ucmo.edu


	front-d
	A06

