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1. Introduction. Let u0 = 0, u1 = 1, and

un = aun−1 + bun−2

for any positive integer n ≥ 2. Also, for any nonnegative integer m, define

(

m

j

)

u

=

{

1, if j = 0;
um···um−j+1

uj ···u1
, if j = 1, . . .m.

In [1], Jarden showed that for any positive integer k,

k+1
∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

k + 1

i

)

u

uk
n−i = 0.

In this paper we will prove Jarden’s result by generalizing a proof by Carlitz [2].

In addition, we will present a new like-power recurrence relation identity. Detailed

proofs of the lemmas and the theorem will be supplied at the end of the paper.

2. Sequential Results. Let

α, β =
a ±

√
a2 + 4b

2
.

Lemma 2.1. Let n be a non-negative integer. Then

un =
αn − βn

α − β
.
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Lemma 2.2. Let n ≥ −1 be an integer. Then

un+1 =
∑

r

(

r

n − r

)

a2r−nbn−r.

Lemma 2.3. Let n ≥ 2 be an integer. Then

(a) un + bun−2 = αn−1 + βn−1.

(b) bunun−2 − bu2
n−1 = αn−1βn−1.

Lemma 2.4. Let k be a positive integer and 0 ≤ r ≤ n be integers. Then

(ukx + buk−1)
r(uk+1x + buk)n−r

=
∑

r1,...,rk

(

n − r

r1

)(

n − r1

r2

)

· · ·
(

n − rk−1

rk

)

akn−r−2r1−···−2rk−1−rkbr1+···+rkxn−rk .

3. Matrix Results. Let

An+1 =

[(

r

n − c

)

ar+c−nbn−c

]

, 0 ≤ r, c ≤ n,

be a matrix of order n + 1. For example, for n = 3,

A4 =







0 0 0 1
0 0 b a
0 b2 2ab a2

b3 3ab2 3a2b a3






.

Lemma 3.1.

tr(Ak
n+1) =

ukn+k

uk

for any positive integer k.

It is worth noting that the case k = 1 is exactly Lemma 2.2 so that Lemma 3.1

is in some sense a generalization of Lemma 2.2.

Lemma 3.2. The eigenvalues of An+1 are

αn, αn−1β, . . . , αβn−1, βn.
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Lemma 3.3.

n
∏

j=0

(x − αjβn−j) =

n+1
∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

n + 1

i

)

u

xn+1−i.

The next lemma is similar to a result in Hoggatt and Bicknell [3].

Lemma 3.4.

(An
k+1)k,i =

(

k

i

)

ui
n+1(bun)k−i.

4. Jarden’s Result.

Theorem 4.1.

k+1
∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

k + 1

i

)

u

uk
n−i = 0.

5. More Results and Open Questions. More identities, like the one just

derived, need to be studied. For example it can be shown, using the computer

algebra system DERIVE, that if x0, x1, and x2 are arbitrary and

xn = axn−1 + bxn−2 + cxn−3,

then

x2
n = (a2 + b)x2

n−1 + (a2b + b2 + ac)x2
n−2 + (a3c + 4abc − b3 + 2c2)x2

n−3

(−ab2c + a2c2 − bc2)x2
n−4 + (b2c2 − ac3)x2

n−5 − c4x2
n−6

Is there a similar formula for third powers? Also, what about formulas for

xn = axn−1 + bxn−2 + cxn−3 + dxn−4?

6. Proofs.
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Proof of Lemma 2.1. Let

G(z) = u0 + u1z + u2z
2 + · · · .

Then

azG(z) = au0z + au1z
2 + · · ·

and

bz2G(z) = bu0z
2 + · · · .

Substracting the last two equations from the first and using the definition of un,

(1 − az − bz2)G(z) = z

so

G(z) =
z

1 − az − bz2
=

1

α − β

(

1

1 − αz
−

1

1 − βz

)

.

Thus,

un =
αn − βn

α − β
.

Proof of Lemma 2.2. By induction on n. First of all, the result is true for

n = −1 and n = 0. Now assume that n ≥ 0 and that the result is true for n and

n − 1. Then

un+1 = aun + bun−1

= a
∑

r

(

r

n − 1 − r

)

a2r−n+1bn−1−r + b
∑

r

(

r

n − 2 − r

)

a2r−n+2bn−2−r

=
∑

r

[(

r

n − 1 − r

)

+

(

r

n − 2 − r

)]

a2r−n+2bn−1−r

=
∑

r

(

r + 1

n − 1 − r

)

a2r−n+2bn−1−r

=
∑

r

(

r

n − r

)

a2r−nbn−r.
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Proof of Lemma 2.3.

(a) By the definition of un and Lemma 2.1,

un + bun−2 = un + un − aun−1

= 2
αn − βn

α − β
− (α + β)

αn−1 − βn−1

α − β

=
2αn − 2βn − αn + αβn−1 − βαn−1 + βn

α − β

=
αn − βn + αβn−1 − βαn−1

α − β

=
α(αn−1 + βn−1) − β(αn−1 + βn−1)

α − β

=
(α − β)(αn−1 + βn−1)

α − β
= αn−1 + βn−1.

(b) By the definition of un and Lemma 2.1,

bunun−2 − bu2
n−1 = un(un − aun−1) − bu2

n−1

= u2
n − aunun−1 − bu2

n−1

= u2
n − un−1(aun + bun−1) = u2

n − un−1un+1

=

(

αn − βn

α − β

)2

−
αn−1 − βn−1

α − β
·
αn+1 − βn+1

α − β

=
1

(α − β)2
(α2n − 2αnβn + β2n − α2n − β2n + αn+1βn−1 + αn−1βn+1)

=
1

(α − β)2
(αn+1βn−1 − 2αnβn + αn−1βn+1)

=
αn−1βn−1

(α − β)2
(α2 − 2αβ + β2) = αn−1βn−1.

Proof of Lemma 2.4. By induction on k. The result is true for k = 1, since

xr(ax + b)n−r =
∑

s

(

n − r

s

)

an−r−sbsxn−s.

Now assume the result is true for some positive integer k. In this result, substitute

a + bx−1 for x and multiply by xn. The left side of this equation is

(aukx + buk−1x + buk)r(auk+1x + bukx + buk+1)
n−r
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which is equal to

(uk+1x + buk)r(uk+2x + buk+1)
n−r.

Expanding the right side of this equation and simplifying, we obtain

∑

r1,...,rk+1

(

n − r

r1

)(

n − r1

r2

)

· · ·
(

n − rk

rk+1

)

· a(k+1)n−r−2r1−···−2rk−rk+1br1+···+rk+1xn−rk+1 .

Therefore, the result is proved.

Proof of Lemma 3.1. We first recall Lemma 2.4, that is, for any positive integer

k,

(ukx + buk−1)
r(uk+1x + buk)n−r

=
∑

r1,...,rk

(

n − r

r1

)(

n − r1

r2

)

· · ·
(

n − rk−1

rk

)

akn−r−2r1−···−2rk−1−rkbr1+···+rkxn−rk .

Multiplying both sides of this equation by xr and summing over r, we have

n
∑

r=0

xr(ukx + buk−1)
r(uk+1x + buk)n−r

=
∑

r,r1,···,rk

(

n − r

r1

)(

n − r1

r2

)

· · ·
(

n − rk−1

rk

)

· akn−r−2r1−···−2rk−1−rkbr1+···rkxn+r−rk .

The coefficient of xn on the right side of this equation is

tr(Ak
n+1).

The coefficient of xn on the left side of this equation is

∑

r+s+t=n

(

r

s

)(

n − r

t

)

us
k(buk−1)

r−sut
k+1(buk)n−r−t

=
∑

r+s≤n

(

r

s

)(

n − r

s

)

(buk−1)
r−sus

kun−r−s
k+1 (buk)s.
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Let vn be this last term. Thus,

∞
∑

n=0

vnxn =
∞
∑

r,s=0

(

r

s

)

brur−s
k−1u

2s
k xr+s

∞
∑

n=r+s

(

n − r

s

)

(uk+1x)n−r−s

=
∞
∑

r,s=0

(

r

s

)

brur−s
k−1u

2s
k xr+s(1 − uk+1x)−s−1

=

∞
∑

s=0

bsu2s
k x2s(1 − uk+1x)−s−1

∑

r≥s

(

r

s

)

(buk−1x)r−s

=

∞
∑

s=0

bsu2s
k x2s(1 − uk+1x)−s−1(1 − buk−1x)−s−1

=
1

(1 − uk+1x)(1 − buk−1x)

1

1 − bu2
k
x2

(1−uk+1x)(1−buk−1x)

=
1

(1 − uk+1x)(1 − buk−1x) − bu2
kx2

=
1

1 − (uk+1 + buk−1)x + (buk+1uk−1 − bu2
k)x2

.

Next, by Lemma 2.3, the last expression is equal to

1

1 − (αk + βk)x + αkβkx2
=

1

αk − βk

(

αk

1 − αkx
−

βk

1 − βkx

)

.

Thus,

vn =
ukn+k

uk
.

Therefore,

tr(Ak
n+1) =

ukn+k

uk
.

Proof of Lemma 3.2. Let

fn+1(x) = det(xI − An+1).
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If the eigenvalues of An+1 are λ0, λ1, . . . , λn, then by Lemmas 3.1 and 2.1,

f ′
n+1(x)

fn+1(x)
=

n
∑

j=0

1

x − λj
=

∞
∑

k=0

x−k−1
n

∑

j=0

λk
j

=
∞
∑

k=0

x−k−1tr(Ak
n+1) =

∞
∑

k=0

x−k−1 αnk+k − βnk+k

αk − βk

=
∞
∑

k=0

x−k−1
n

∑

j=0

αjkβ(n−j)k =
n

∑

j=0

1

x − αjβn−j
.

Thus,

fn+1(x) =
n

∏

j=0

(x − αjβn−j)

so the eigenvalues of An+1 are

αn, αn−1β, . . . , αβn−1, βn.

Proof of Lemma 3.3. To begin the proof of Lemma 3.3, we need the identity

n−1
∏

j=0

(1 − qjx) =
n

∑

i=0

(−1)iq(i−1)i/2

[

n

i

]

xi,

where

(1)

[

n

i

]

=
(1 − qn) · · · (1 − qn−i+1)

(1 − qi) · · · (1 − q)
.

Replacing q in (1) by β/α and using Lemma 2.1, we find that
[

n
i

]

is

αi2−ni

(

n

i

)

u

.

Thus, (1) becomes

n−1
∏

j=0

(1 − α−jβjx) =

n
∑

i=0

(−1)iαi(i+1)/2−niβ(i−1)i/2

(

n

i

)

u

xi.

8



Substituting αn−1x for x and using the fact that αβ = −b we have

n−1
∏

j=0

(1 − αn−j−1βjx) =
n

∑

i=0

(−1)i(αβ)(i−1)i/2

(

n

i

)

u

xi

=

n
∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

n

i

)

u

xi.

Replacing x by x−1 gives

n−1
∏

j=0

(x − αn−j−1βj) =
n

∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

n

i

)

u

xn−i,

which is what we wanted to prove.

Proof of Lemma 3.4. Let k be a fixed non-negative integer. We will prove the

result by induction on n. The above equality is true for n = 0. Now assume the

result is true for some n ≥ 0. Then since An+1
k+1 = An

k+1 · Ak+1,

(An+1
k+1)k,i =

k
∑

j=0

(An
k+1)k,j(Ak+1)j,i

=
k

∑

j=0

(

k

j

)

uj
n+1(bun)k−j

(

j

k − i

)

aj+i−kbk−i.

To continue the equalities, we use the identity

(

r

m

)(

m

k

)

=

(

r

k

)(

r − k

m − k

)
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to obtain

k
∑

j=0

(

k

k − i

)(

i

i + j − k

)

(bun+1)
k−i(aun+1)

i+j−k(bun)k−j

=

(

k

i

)

(bun+1)
k−i

k
∑

j=0

(

i

i + j − k

)

(aun+1)
i+j−k(bun)k−j

=

(

k

i

)

(bun+1)
k−i

i
∑

m=0

(

i

m

)

(aun+1)
m(bun)i−m

=

(

k

i

)

(bun+1)
k−i(aun+1 + bun)i

=

(

k

i

)

ui
n+2(bun+1)

k−i.

Thus, the result is true by induction on n.

Proof of Theorem 4.1. By Lemma 3.3, the characteristic polynomial of Ak+1

is
k+1
∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

k + 1

i

)

u

xk+1−i.

But, by the Cayley-Hamilton Theorem, every matrix satisfies its characteristic poly-

nomial. Thus, for n − 1 ≥ k + 1,

(2)
k+1
∑

i=0

(−1)i(i+1)/2b(i−1)i/2

(

k + 1

i

)

u

An−1−i
k+1 = O,

where O denotes the (k+1)× (k+1) zero matrix. Now, taking the result of Lemma

3.4 (with i = k and n = n − 1 − i) and substituting this result into (2), we obtain

Jarden’s result.
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