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Let {F,} and {L,} be the Fibonacci and Lucas numbers,
respectively.
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Introduction

Let {F,} and {L,} be the Fibonacci and Lucas numbers,
respectively.

Thatis, Fp =0, Fy =1,and F, = F,_1 + F,_o forn > 2 and
Lo=2,L1=1,andL,=L,_1+Lpoforn>2.

Ruggles proved thatforn > 0and k > 1,

Fn+2k = Lan+k + (—1)k+1 Fn-
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Introduction

Let {F,} and {L,} be the Fibonacci and Lucas numbers,
respectively.

Thatis, Fp =0, Fy =1,and F, = F,_1 + F,_o forn > 2 and
Lo=2,L1=1,andL,=L,_1+Lpoforn>2.

Ruggles proved thatforn > 0and k > 1,

Fn+2k = Lan+k + (—1)k+1 Fn-

Horadam generalized this result to a general second order
recurrence relation.
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Theorem
Let wy, wy, a, and b # 0 be integers. Define

Wn = awp_1 + bw,_»
for n > 2. In addition, define xo = 2, x;1 = a, and forn > 2,
Xp = aXp_1 + bxp_».
Then for integers n > 0 and k > 1,

k+1 Rk
Whiok = XkWnik + (—1) T b .
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Introduction

Howard proved a similar result for a general third order
recurrence.
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Introduction

Howard proved a similar result for a general third order
recurrence.

We will prove an alternate form of Howard’s tribonacci identity
using a different proof technique.
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Introduction

Howard proved a similar result for a general third order
recurrence.

We will prove an alternate form of Howard’s tribonacci identity
using a different proof technique.

Finally, we will state and prove a similar result for a general
fourth order recurrence.
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Definition and Theorem

Before we can prove our results, we need a general definition
and a general theorem.
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Definition and Theorem

Before we can prove our results, we need a general definition
and a general theorem.

Definition
Let r > 2 be an integer. Let wy, wy, ..., w,_4, and pq, po, ...,
pr # 0 be integers. Define

Wp = P1Wp_1 + P2Wp_2+ -+ PrWpforn=>r.
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Definition and Theorem

Before we can prove our results, we need a general definition
and a general theorem.

Definition
Let r > 2 be an integer. Let wy, wy, ..., w,_4, and pq, po, ...,
pr # 0 be integers. Define

Wp = P1Wp_1 + P2Wp_2+ -+ PrWpforn=>r.

We now give our theorem.
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Let k > 1 be an integer. Let M be the r x r matrix given by

pi P2 Ps - Pr—1 Pr
1 0 0 --- 0 O
o 1 0 --- 0 O
0 0 O 0 0
0 0 O 10
Let
p(x) = det(x/ — ch/r

be the characteristic polynomial of M.
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Definition and Theorem

Then

r

> Cili, YWnik = 0.
i=0
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Definition and Theorem

Here is the proof.
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Definition and Theorem

Here is the proof.

By the Cayley-Hamilton Theorem, every matrix satisfies its
characteristic polynomial. Therefore,

p(MK) = det(xI — M) = ch/r )(MKY = 0. (1)
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Multiplying both sides of (1) on the right by

Wn
Wn—1
Wn—r+1
gives
Whp 0
! ; n—1 0
D ClinME | = (@)

i=0 :

Wn—r41 0
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Definition and Theorem

But, it can be shown, by induction on m, that

pi P2 P3s - Pr1 pr\

O 1 O 0 0 Wn_1 Wn+m_1
0 0 O 0 Wn—r+1 Wni+m—r+1
0 0 O 1 0

3)
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Definition and Theorem

Letting m = ik in (3) and substituting the right-hand side of (3)
into (2), we obtain

Wiy ik Zr,(:o Ck (i, r)Wn ik 0
d , Wit ik—1 Y im0 Ck(i, )Wy ik—1 0
Z Ck(’? r) . == : = .
i=0 - : :
Witik—r+1 Zfzo Cr (1, NWnyik—r1 0

(4)
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Definition and Theorem

Letting m = ik in (3) and substituting the right-hand side of (3)
into (2), we obtain

Wiy ik Zr,(:o Ck (i, r)Wn ik 0

d , Wit ik—1 Y im0 Ck(i, )Wy ik—1 0
Z Ck(’? r) . == : = .
i=0 - : :
Wit ik—r+1 >0 Ck (i, ) Wopik—r+1 0

Equating the first component of the two column vectors of (4)
gives the result.
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Definition and Theorem

Since the leading coefficient of the characteristic polynomial of
M¥is 1, we have Ck(r,r) = 1.
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Definition and Theorem

Since the leading coefficient of the characteristic polynomial of
M¥is 1, we have Ck(r,r) = 1.

Therefore, we can rewrite the statement of the theorem as

Wnirk = _Ck(r_17r)Wn+(r 1)k —Cy(r-2, r)WnJr(r 2)k— -+—Ck(0, r)wp
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Definition and Theorem

We wish to investigate the case r = 3. That is, we want to
obtain the sequences —Ck(2,3), —Ck(1,3), and —Ck(0, 3).
This will give us an identity for the general third order
recurrence.
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Definition and Theorem

We wish to investigate the case r = 3. That is, we want to
obtain the sequences —Ck(2,3), —Ck(1,3), and —Ck(0, 3).
This will give us an identity for the general third order
recurrence.

Likewise, we will study the case r = 4. To find an identity for the
general fourth order recurrence, we will determine the
sequences —Ck(3,4), —Ck(2,4), —Ck(1,4), and —C(0,4).
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Definition and Theorem

We wish to investigate the case r = 3. That is, we want to
obtain the sequences —Ck(2,3), —Ck(1,3), and —Ck(0, 3).
This will give us an identity for the general third order
recurrence.

Likewise, we will study the case r = 4. To find an identity for the
general fourth order recurrence, we will determine the
sequences —Ck(3,4), —Ck(2,4), —Ck(1,4), and —C(0,4).

To demonstrate the use of the Theorem, we will give an
example to find an identity for the Tribonacci sequence. In this
example,weletr=3andpy =p>=p3=1.
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Definition and Theorem

Let 7o =0, T; = 0, and 7> = 1. Define

Th=Th 1+ Th2+ Th_3gforn>3.
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Definition and Theorem

The polynomials producing —Ck(2, 3), —Ck(1,3), and
—Cx(0,3) are the following.

Curtis Cooper University of Central Missouri
On Identities of Ruggles, Horadam, and Howard



Definition and Theorem

The polynomials producing —Ck(2, 3), —Ck(1,3), and
—Cx(0,3) are the following.

X —1 0 0
det(x/—)=det[ 0 x—-1 0 |=x>—3x2+3x—1.

Curtis Cooper University of Central Missouri

On Identities of Ruggles, Horadam, and Howard



Definition and Theorem

X—1 -1 —1
det(x) —M)=det[ —1 x 0 |=x3—x2—x—1.
0 -1 X
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Definition and Theorem

X—1 -1 —1
det(x) —M)=det[ —1 x 0 |=x3—x2—x—1.
0 -1 X

x—-2 -2 -1
det(x - M?)=det| -1 x-1 —1]|=x3-3x2—x-1.
-1 0 X
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Definition and Theorem

x—4 -3 -2
det(xI—-M3) =det| —2 x-2 -1 | =x3-7x2+5x—1.
1 -1 x-—1
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Definition and Theorem

x—4 -3 -2
det(xI—-M3) =det| —2 x-2 -1 | =x3-7x2+5x—1.
1 -1 x-—1

x-7 -6 —4
det(xI-M*) =det| -4 x-3 -2 | =x3-11x2-5x-1.
2 -2 x-1
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Definition and Theorem

x—13 —11 -7
det(xI-M°) =det| -7 x-6 -4 |=x3-21x2—x-1.
—4 -3 x-2
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Definition and Theorem

x—13 —11 -7
det(xI-M°) =det| -7 x-6 -4 |=x3-21x2—x-1.
—4 -3 x-2

x—-24 20 13
det(xI-M®) =det [ —13 x—-11 -7 | =x3-39x®+11x—1.
-7 -6 x—4
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Definition and Theorem

Here are the beginning values of the sequences.
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Definition and Theorem

Here are the beginning values of the sequences.

Table: Values of Specific Third Order Sequences

k o 1 2 3 4 5 6 7 8 9 I
T 0 0 1 1 2 4 7 13 24 44 81
—C(2,3) 3 1 3 7 11 21 39 71 131 241 44
—C(1,3) -3 1 1 -5 5 1 —11 15 -3 -23 41
—C0,3) 1 1 1 1 1 1 1 1 A 1 1
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Definition and Theorem

Let ag = 3, a; = 1, and a, = 3. Define

anp = ap_1+ ap—o + ap_g forn > 3.
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Definition and Theorem

Let ag = 3, a; = 1, and a, = 3. Define

anp = ap_1+ ap—o + ap_g forn > 3.

Let bp = —3, by = 1, and b, = 1. Define

bn = _bn_1 - bn_2 TF bn_3 for n Z 3
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Definition and Theorem

We then have the following corollary.
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Definition and Theorem

We then have the following corollary.

Corollary

Letn>0andk > 1. Then

Thnisk = @k Tnyok + bk Tk + Th.
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Third Order Result

Let wp, wy, we, a, b, and ¢ # 0 be integers. Define

Wn = aWn_1 + an_2 + CWn_3 for n Z 3
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Third Order Result

Let xo = 3, x; = a, and xo = & + 2b. Define

Xn = aXn_‘] + bXn_2 + CXn_B’ fOI‘ n Z 3
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Third Order Result

Let yo = —3, yy = b, and y» = 2ac — b?. Define

Yn= —bYn 1 — acyn 2 + %y, 3, forn >3,
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Third Order Result

Here are some values of the {x,} and {y,} sequences.
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Third Order Result

Here are some values of the {x,} and {y,} sequences.

Table: Values of Third Order Sequences

n 0 1 2 3

x, 3 a &+2b a+3ab+3c
Yn —3 b 2ac—b? —3abc+ b® —3c?
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Third Order Result

Table: Values of Third Order Sequences

n 4

Xn a* +4a°b + 4ac + 2b°
Yn —2&8°c? +4ab’c — b* + 4bc?
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Third Order Result

Table: Values of Third Order Sequences

n 4

Xn a* +4a°b + 4ac + 2b°
Yn —2&8°c? +4ab’c — b* + 4bc?

Table: Values of Third Order Sequences

n 5

Xn a® +5a°b + 5a°c + 5ab® + 5bc
Yn 5a?bc® — 5ab3c + 5ac® + b® — 5b%¢?
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Third Order Result

Table: Values of Third Order Sequences

n 6

Xn & +6a*b + 6a°c + 9a°b° + 12abc + 2b° + 3¢
Yo 2a%c® — 9a2b?c? + 6abtc — 12abc® — bf + 6b3c? — 3¢*
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Third Order Result

Letn> 0 and k > 1 be integers. Then

k
Whni3k = XkWniok + YkWnik + C Wh.
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Fourth Order Result

The statement and proof of the fourth order result is long and
technical. We will not go into the theorem’s statement or proof
here.
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Fourth Order Result

The statement and proof of the fourth order result is long and

technical. We will not go into the theorem’s statement or proof
here.

However, we will state the result for the Tetranacci sequence.

Curtis Cooper University of Central Missouri
On Identities of Ruggles, Horadam, and Howard



Fourth Order Result

The Tetranacci sequence is A000078 in the OEIS.
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Fourth Order Result

The Tetranacci sequence is A000078 in the OEIS.

Let To=0,T; =0, T =0, and T3 = 1. Define

Tn=To14+Th2+ Th3+ Tp_gforn>4.
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Fourth Order Result

The next sequence is A073817 in the OEIS.
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Fourth Order Result

The next sequence is A073817 in the OEIS.

Letag =4,a; =1, a» = 3, and as = 7. Define

an = an—1 = an—o aF an—3 + an—4 for n 2 4.
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Fourth Order Result

The next sequence is A074193 in the OEIS.
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Fourth Order Result

The next sequence is A074193 in the OEIS.

This sequence is rather unique because it is a sixth order
recurrence.
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Fourth Order Result

The next sequence is A074193 in the OEIS.

This sequence is rather unique because it is a sixth order

recurrence.
Letbg=—-6,b1=1,bo=3,b3 =1, by = —17, and bs = 16.
Define

bn = _bnf‘] - 2bn72 - 2bn73 “I‘ 2bn74 - bn_5 —'— bnfe f0r n Z 6
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Fourth Order Result

The last sequence sequence is A073937 in the OEIS.
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Fourth Order Result

The last sequence sequence is A073937 in the OEIS.

Letcg =4,¢1 =1, co = —1,and ¢cs = 1. Define

Ch=Cn1—Cno+Cn_g+ Ch_yforn>4.
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Fourth Order Result

Here are the beginning values of the sequences.
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Fourth Order Result

Here are the beginning values of the sequences.

Table: Values of Specific Fourth Order Sequences

k 0 1 2 3 4 5 6 7 8 9 10
T« 0 0 0 1 1 2 4 8 15 29 56
a 4 1 3 7 15 26 51 99 191 367 708
bp -6 1 3 1 —-17 16 15 —-13 -81 127 58
ck 4 1 -1 1 7 6 -1 1 15 19 4
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Fourth Order Result

Table: Values of Specific Fourth Order Sequences

k 11 12 13 14 15

T, 108 208 401 773 1490
ax 1365 2631 5071 9975 18842
by —175 —-329 885 31 —1424
Ck 1 31 53 27 6
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Corollary

Letn>0andk > 1. Then

Torak = ak Tniak + bk Toyok + Ck Took + (=) T,
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