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Introduction

Let {F,} and {L,} be the Fibonacci and Lucas sequences,
respectively.
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Introduction

Let {F,} and {L,} be the Fibonacci and Lucas sequences,
respectively.

Gelin stated and Cesaro proved that for integers n > 2,

Fn—2Fn—1Fn+1Fn+2_Fr‘1‘:_1~
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Introduction

Let {F,} and {L,} be the Fibonacci and Lucas sequences,
respectively.

Gelin stated and Cesaro proved that for integers n > 2,

Fn—2Fn—1Fn+1Fn+2_Fr‘1‘:_1~

To generalize this identity, we need the following definition due
to Horadam.
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Introduction

Let {W,} be defined by Wy = a, Wy = b, and
W, = pW,_y — gW,_5 for n > 2, where a, b, p, and g are
integers and g # 0. Let e = pab — ga® — b°.
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Introduction

Let {W,} be defined by Wy = a, Wy = b, and
W, = pW,_y — gW,_5 for n > 2, where a, b, p, and g are
integers and g # 0. Let e = pab — ga® — b°.

Melham and Shannon generalized the Gelin-Cesaro identity by
proving that for integers n > 2,

Wn—2 Wn—1 Wn+1 Wn+2 _ Wr? — eq”—2(p2 + q) WI? + eZan—Sp '
(1)
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Introduction

Let {W,} be defined by Wy = a, W; = b, and
Wn, = pW,_1 — gW,_o for n > 2, where a, b, p, and g are
integers and g # 0. Let e = pab — ga® — b°.

Melham and Shannon generalized the Gelin-Cesaro identity by
proving that for integers n > 2,

Wh_oWh_1 Wn+1 W,H_2 — Wr? = eq”—Q(pZ + q) W,? + eZan—sz'
(1)

In this paper, we will generalize and prove some similar high
degree generalized Fibonacci identities.
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Generalization of the Melham and Shannon Identity

To generalize the Melham and Shannon identity, we need the
following definition.
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Generalization of the Melham and Shannon Identity

To generalize the Melham and Shannon identity, we need the
following definition.

Definition
Let {U,} be defined by Uy =0, U; =1, and

Un=pU,_1 — qU,_» for n > 2, where p and g are integers and
q #0.
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Generalization of the Melham and Shannon Identity

To generalize the Melham and Shannon identity, we need the
following definition.

Definition

Let {U,} be defined by Uy =0, U; =1, and

Un=pU,_1 — qU,_» for n > 2, where p and g are integers and
q #0.

The sequence {U,} is the fundamental sequence of Lucas.
With this definition, we can state a generalization of the
Melham and Shannon identity.
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Generalization of the Melham and Shannon Identity

Let r and s be positive integers and n > r + s be an integer.
Then

Wih—r—sWh_, Wn+r Wn+r+s
= W) +eq" " 5(q°UF + UZ )WE + " 2 U2 U2 . (2)
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Generalization of the Melham and Shannon Identity

Let r and s be positive integers and n > r + s be an integer.
Then

Wih—r—sWh_, Wn+r Wn+r+s
= W) +eq" " 5(q°UF + UZ )WE + " 2 U2 U2 . (2)

We note that when r = 1 and s = 1, this is the Melham and
Shannon identity.
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Generalization of the Melham and Shannon Identity

The proof of (2) is similar to the proof of the Melham and
Shannon identity. Before we begin the proof (2), we require
more definitions and a lemma from Melham and Shannon.
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Generalization of the Melham and Shannon Identity

The proof of (2) is similar to the proof of the Melham and
Shannon identity. Before we begin the proof (2), we require
more definitions and a lemma from Melham and Shannon.

Definition
Let {Y,} be defined by Yy, = a4, Yy = by, and

Yn=pYr1 — qYn_o for n > 2, where ay, by, p, and g are
integers and g # 0.
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Generalization of the Melham and Shannon Identity

Let s be a nonnegative integer. Let

V(s) = (paib — gaay — bby)Us + (aby — a1b)Us. 1.
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Generalization of the Melham and Shannon Identity

Let s be a nonnegative integer. Let

V(s) = (paib — qaa; — bby)Us + (aby — a1b) Us 1.

Lemma

Let n be a nonnegative integer and r and s be positive integers.
Then
WnYniris — WairYois = V(s)q"Ur. (3)
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Generalization of the Melham and Shannon Identity

In (3), replacing nby n— r and s by r gives

anr Yn+r - WnYn - \U(r)qn_rUr. (4)
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Generalization of the Melham and Shannon Identity

In (3), replacing nby n— r and s by r gives

anr Yn+r - WnYn - \U(r)qn_rUr. (4)

Replacing r by r + s in (4), we have

Wh—r—sYniris — WaYn =V (r + 8)q" " Urys. (5)
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Generalization of the Melham and Shannon Identity

In (3), replacing nby n— r and s by r gives

anr Yn+r - WnYn - \U(r)qn_rUr. (4)

Replacing r by r + s in (4), we have

Wh—r—sYniris — WaYn =V (r + 8)q" " Urys. (5)

Adding (4) and (5) gives

Wh—r Yn+r + Wh_r—s Yn+r+s
=2WoYn+V(r)q""U, + V(r +s)q" U s. (6)
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Generalization of the Melham and Shannon Identity

Subtracting (5) from (4) gives

Wh—rYnir—Whr—sYniris = \V(f)q"_’Ur —V(r+ s)qn_r_SUr+s-
(7)
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Generalization of the Melham and Shannon Identity

Subtracting (5) from (4) gives

Wa—r Ynrr— Wi r—sYnirs = V(r)Q" U —V(r+5)q" " SUrys.
(7)

Squaring (6) and subtracting the square of (7), we obtain

4 Wn—r—s Wn—r Yn+r Yn+r+s
= AW2Y2 + 49" S(Q5W (U, + V(r + S)U, 1) W, Vs
+AV(r)V(r + 8)q7" 25U, Upys. (8)
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Generalization of the Melham and Shannon Identity

Divide both sides of the equation by 4. Now, if (a1, by) = (&, b),
then {Wp} = {Yn}, V(r) = eU,, and V(r + s) = eU,s.
Substituting these quantities in (8), we see that (8) becomes
(2). This is what we wanted to prove.
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Generalization of the Melham and Shannon Identity

Divide both sides of the equation by 4. Now, if (a1, by) = (&, b),
then {Wp} = {Yn}, V(r) = eU,, and V(r + s) = eU,s.
Substituting these quantities in (8), we see that (8) becomes
(2). This is what we wanted to prove.

Theorem

Let r and s be positive integers and n > r + s be an integer.
Then

Wnfrfs anr Wn+r Wn+r+s
= W, +eq""S(q°UZ + UZ, )W5 + e2q°" 2 SUELZ .
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Generalization of the Melham and Shannon Identity

Note that if r = 1 and s = 1, then (2) becomes (1). Also, note
thatifa=0,b=1,p=1,and g = —1, then {W,} = {F,}.
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Generalization of the Melham and Shannon Identity

Note that if r = 1 and s = 1, then (2) becomes (1). Also, note
thatifa=0,b=1,p=1,and g = —1, then {W,} = {F,}.

Thus from (3), we have the following identity for Fibonacci
numbers.

Fn—r—an—an+an+r+s
= Fo + (=) T () FP + PR ) + (1) FPFE s

Curtis Cooper University of Central Missouri

Some High Degree Generalized Fibonacci Identities



A Generalized Sixth Degree Identity
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A Generalized Sixth Degree Identity

Let r and s be positive integers and n > r + s be an integer.
Then
W s Wi W Whyris+ WS W2
= AWE + 6eq™S(qSU? + U? )W
+362qP"2 28 (P UM + 2qS VR LR ¢ + Up o) W2
+ 333 3S(3gPS U U2, ¢ + UB,). (9)
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A Generalized Sixth Degree Identity

Again, the proof of this Theorem is similar to the proof of (1),
but with a few modifications.
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A Generalized Sixth Degree Identity

Again, the proof of this Theorem is similar to the proof of (1),
but with a few modifications.

We start the proof of this Theorem as we started the proof of
the previous Theorem. Instead of squaring, we cube (6) and
subtract the cube of (7).
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A Generalized Sixth Degree Identity

Again, the proof of this Theorem is similar to the proof of (1),
but with a few modifications.

We start the proof of this Theorem as we started the proof of
the previous Theorem. Instead of squaring, we cube (6) and
subtract the cube of (7).

We obtain

BWE YE  WorsYnirs +2WS Y3 s (10)
=8W3Y3 +12W2Y2U(r)q" U, + 12W2Y2U(r + 8)q" " SUpys

+ 6W, Y W (r)2g? 2 U2 + 12W, Yo W (N G? "2 = SW(r + 8)U, Urys
+6 Wn an(r + s)2q2n—2r—23 Ur2+s + 6q3”_3’_SW(r)2W(r + S) Ur2 Ur+s
+ 2q3n—3r—33w(r + 3)3 Ur3+s'
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A Generalized Sixth Degree Identity

Divide both sides of the equation by 2. Again, if
(a1, b1) = (a, b), then {Wp} = {Y,}, ¥(r) = eU,, and
w(r+ S) = eUr+s.
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A Generalized Sixth Degree Identity

Divide both sides of the equation by 2. Again, if
(a1, b1) = (a, b), then {Wp} = {Y,}, ¥(r) = eU,, and
w(r+ S) = eUr+s.

Substituting these quantities in (10), we see that (10) becomes
(9). This is what we wanted to prove.
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Introduction Generalization of the Melham and Shannon Identity A Generalized Sixth Degree Identity A Generalized 2kth

Divide both sides of the equation by 2. Again, if
(a1, b1) = (a, b), then {Wp} = {Y,}, ¥(r) = eU,, and
w(r+ S) = eUr+S.

Substituting these quantities in (10), we see that (10) becomes
(9). This is what we wanted to prove.

Theorem
Let r and s be positive integers and n > r + s be an integer.

Then
3 Wn_r_s Wr%—r Ws_i_r Wn+f+S + W/?—r—s Wf:'lg-l-f-i-s
= 4WS + 6eq""S(q° U2 + UZ Wi
+3PqP (U + 2q°P LR UE s + UR ) WP
+e°q>" ¥ (3g*° U] Ur2+s + Ur6+s)~
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A Generalized Sixth Degree Identity

Again,ifa=0,b=1,p=1,and g = —1, then {W,} = {F,}.
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A Generalized Sixth Degree Identity

Again,ifa=0,b=1,p=1,and g = —1, then {W,} = {F,}.

Thus from (9), we have the following identity for Fibonacci
numbers.
8Fn—r—sF& (F& Friris + Fy s sFairis
= 4FR +6(-1)" () + FRFY
+3(F} +2(1)°F2FE o+ Fi o) FR
+ (=) @BF R+ FR).
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A Generalized 2kth
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Introduction Generalization of the Melham and Shannon Identity A Generalized Sixth Degree Identity A Generalized 2kth

Let r and s be positive integers, k > 2 be an integer, and
n > r+ s be an integer. Then

Kk . ,
2" (51" ¢ ) WMo 2 W s s (1)

i>1
_Z< ) 2W2 k—i qin—ir—iS(qur2+Ur+s)'

k , _ % Q
—l—26qun kr— ksz <2 )q(k+1‘2’)SU,2(k+1 ZI)Urzfsl 1).

; i—1
i>1
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A Generalized 2kth

Again, the proof of this Theorem is similar to the proof of (1),
but with a few modifications.
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A Generalized 2kth

Again, the proof of this Theorem is similar to the proof of (1),
but with a few modifications.

We start the proof of this Theorem as we started the proof of
the other Theorem. But, this time, we consider (7) and (8) and
let (a1, b1) = (a,b). Then {W,} = {Yn}, ¥(r) = eU,, and

V(r + s) = eUr;s. Substituting these quantities in (7) and (8),
we obtain
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A Generalized 2kth

Wh-rWhir + Wn_r—sWhirys = ZWE + eqn_rUr2 + eqn_r_sUr2+s
(12)
and

Wh-rWhyr — Whr—sWhiris = eqn—rU’? - eqn—r—sU’i—S‘ (13)
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A Generalized 2kth

Instead of squaring, we raise (12) to the kth power and subtract
(13) raised to the kth power and using polynomial expansion,

we obtain

(Wn rWn+r + Wn r— sWn+r+s)k - (Wn—r Wn+r - Wn—r—s Wn+r+s)k
_Z( ) 2W2 k— /(eqn rU2+eqn r— SUr2+s)i

nrsU2

r+s) (eqn_rUrz— eq" " SUr2+s) .

+(eq""U? + eq

Curtis Cooper University of Central Missouri

Some High Degree Generalized Fibonacci Identities



A Generalized 2kth

Expanding the products on both sides of the equation and
collecting and canceling terms gives

k —_ i ‘_
23" (5 1) (Wor W Y512 (Wi oW

i>1
_ Z( > 2W2 k—i qin—ir—iS(qur2_|_ Ur2+s)i

+26k2 (2, - 1) n— rUr2)k+1—2i(qn r— sUr2+s)2i_1-

i>1
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A Generalized 2kth

Simplifying some more, we obtain

k —_ i '_
2y (2,_1)(Wn_,wn+,)k+1 Wy s W rio)?

:Z <ll(> 2W2)k i ln ir— IS(q U2+Ur2+s)i
i=0

+ 29qun—kr—ks Z <2,'l: 1 ) q(k+1 —2i)s Ur2(k+1 —2i) U2(21 1).
i>1
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A Generalized 2kth

Simplifying some more, we obtain

k —_ i '_
2y (2,_1)(Wn_,wn+,)k+1 Wy s W rio)?

:Z <ll(> 2W2)k i ln ir— IS(q U2+Ur2+s)i
i=0

k
1 2ekgkn—kr— ksz <2i— 1>q(k+1 2/)5U2(k+1 2I)Ur24(rzsl 1)

i>1

This is (11) and what we wanted to prove.
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Introduction Generalization of the Melham and Shannon Identity A Generalized Sixth Degree Identity A Generalized 2kth

Let r and s be positive integers, k > 2 is an integer, and
n>r+ sis aninteger. Then

k . .
2y <2; < 1) (Wo Was ) H1 2 (W s Wi s)2
k .
:Z <I> 2W2)k i ln ir— IS(q U2+Ur+s)
i=0

+ 2equ” kr— ksz ( k >q(k+1—2i)sUr2(k+1—21) U2(21—1)
2i — 1 ’
i>1
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A Generalized 2kth

Again,ifa=0,b=1,p=1,and g = —1, then {W,} = {Fp}.
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A Generalized 2kth

Again,ifa=0,b=1,p=1,and g = —1, then {W,} = {Fp}.

Thus from (11), we have the following identity for Fibonacci
numbers.

Kk . .
2y (2/ < 1)(/f,,_,Fr,+r)"+12’(/fn_r_an+r+s)2”

— Z( > 2,:2 k— I 1)in_ir_is+i((—1)sF,2—|— Fr2+s)i

k ; _2j -
+ 2(_1 )k(_1 )kn—kr—ks Z <2I i 1> (_1 )(k+1—2/)sl_—r2(k+1 2i) Fr2+(il 1)'

i>1
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e A Generalization of a Fourth Degree Fibonacci Identity
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Next, we start with another fourth degree Fibonacci identity. If n
is a nonnegative integer, then

FnF,§+4 - F3+2Fn+6 = (_1)n+1Fn+3Ln+3- (14)

n
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Next, we start with another fourth degree Fibonacci identity. If n
is a nonnegative integer, then

FnF,§+4 - F,?+2Fn+6 = (_1)n+1Fn+3Ln+3- (14)

To state a generalization to (14), we need a definition due to
Rabinowitz.
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Next, we start with another fourth degree Fibonacci identity. If n
is a nonnegative integer, then

FnF,§+4 - F,?+2Fn+6 = (_1)n+1Fn+3Ln+3- (14)

To state a generalization to (14), we need a definition due to
Rabinowitz.

Definition
Let n be an integer. Then

Xn = Whi1 — qWph_4.
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The sequence {X,} may be considered to be a companion
sequence to { W}, in the same sense that the Lucas sequence
is the companion of the Fibonacci sequence.
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The sequence {X,} may be considered to be a companion
sequence to { W}, in the same sense that the Lucas sequence
is the companion of the Fibonacci sequence.

Theorem
Let n be a nonnegative integer. Then

Wh W,?+4 - W,?+2 Wn+6 = eps qn Wn+3Xn+3- (15)
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Let n be a nonnegative integer. Let x = W, and y = W, 4.
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Let n be a nonnegative integer. Let x = W, and y = W, 4.

Then, after some substitutions and collecting terms, we have

Wn:X
Wn+1 =Yy
Whiz = py — gx

Whys = (p* — q)y — pax

Wiia = (P° - 209)y + (—P°q + G°)x

Whis = (p* = 3p°q + @°)y + (—P°q + 2007 x

Whye = (p° — 4p°q +3pa®)y + (—p*q + 3p°¢° — ¢°)x
Xnsa = (P° = 3pq)y + (—P°q + 2¢°)x.
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We need one more quantity, eq”. We have that

eq" = WyWy 2 — W2, | = x(py — gx) — y* = —agx® + pxy — y°.
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We need one more quantity, eq”. We have that

eq" = WyWy 2 — W2, | = x(py — gx) — y* = —agx® + pxy — y°.

After substitutions and some algebra, the left side of (15)
simplifies to
(—p°q® + 2p*q*)x* + (30" P — 8D°G° + 2p3q)x%y
+(—3p°q + 9p°q® — 3p*®)x*y?
+(p° —2p"q — 3p°¢% + 2p°q°)xy°
+ (=P + 4p°q - 3p*dP)y*.
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Again, after substitutions and some algebra, the right side of
(15) simplifies to
(_p6q3 + 2p4q4)x4 + (3p7q2 . 8p5q3 + 2p3q4)x3y
+(—3p°q + 9p%q® — 3p*g®)x?y?
+(p° —2p"q - 3p°¢% + 2p°q°)xy°
+(—p° + 4p°q - 3p*dP)y*.
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Again, after substitutions and some algebra, the right side of
(15) simplifies to
(_p6q3 + 2p4q4)x4 + (3p7q2 . 8p5q3 + 2p3q4)x3y
+(—3p°q + 9p%q® — 3p*g®)x?y?
+(p° —2p"q - 3p°¢% + 2p°q°)xy°
+(—p° + 4p°q - 3p*dP)y*.

Therefore, the left side and right side of (15) are equal. This
completes the proof of the theorem.
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G A Generalization of a Fifth Degree Fibonacci Identity
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Finally, we present a fifth degree Fibonacci identity. If nis a
nonnegative integer, then

FAF3 s — FoFae=(—1)""03,5. (16)
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A generalization of (16) is presented in the following theorem.
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A generalization of (16) is presented in the following theorem.
Let n be a nonnegative integer. Then

WEWS, 5 — Wo WE g (17)
= eq"Xny3((2p° — 3pq) Wi 5 + (P — 20°q + P°G°)eq”).
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Again, we require the following quantities.

Wn =X
Woti =y
Wn+2 =py —gx

Wiz = (0° — )y — pax

Wiia = (P° — 2pQ)y + (—p°q + 9°)X

Whis = (0* — 3p°q + @°)y + (—P°q + 2p0°)x

Whye = (P° — 4p°q + 3pg®)y + (—p*q + 3p°¢° — q°)x
Xnys = (P° —3pq)y + (—p°q + 2G°)x.

Curtis Cooper University of Central Missouri

Some High Degree Generalized Fibonacci Identities



After some substitutions and collecting terms, the left side of
(17) simplifies to

(—p°q® + 6p"q* — 12p°q° + 8p°q°)x°

(3p'°¢% — 21p%q° + 51p°q* — 48p*q° + 12p°¢°)x"y
(—3p'1q+24p°q® — 69p” g° + 84p°q* — 39p°q° + 6pg°)x°®y?
(p'2 — 9p'0q + 29p8q? — 39p°G° + 19p*q* — 3p2q°)x%)°
(2p°q — 14p” g% + 32p°q° — 26p°q* + 6pg°) xy*

(—p'° +8p°q — 22p°q? + 24p*q® — 9p?q*)y°.
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Again, after substitutions and some algebra, the right side of
(17) simplifies to

(—p°q® +6p"q* — 12p°q° + 8p°q°)x°

(3p"°¢% — 21p°q° + 51p°q* — 48p*q° + 12p%°)x*y

—3p'1q +24p°q® — 69p"q° + 84p°q* — 39p°q° + 6pg®)x3y?
p12 _ 9p10q+ 29p8q2 _ 39p6q3 + 19p4q4 _ 3p2q5)x2y3
2p°q — 14p’q* + 32p°q° — 26p°q* + 6pg°) xy*

+
+
+
+
+(-=p'° + 8p°q — 22p°¢° + 24p*q° — 9p*q")y”.

(
(
(
(
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Again, after substitutions and some algebra, the right side of
(17) simplifies to

(—p°q® +6p"q* — 12p°q° + 8p°q°)x°

(3p"°¢% — 21p°q° + 51p°q* — 48p*q° + 12p%°)x*y

—3p'1q +24p°q® — 69p"q° + 84p°q* — 39p°q° + 6pg®)x3y?
p12 _ 9p10q+ 29p8q2 _ 39p6q3 + 19p4q4 _ 3p2q5)x2y3
2p°q — 14p’q* + 32p°q° — 26p°q* + 6pg°) xy*

N
n
n
N
+(—p'® + 8p8q — 22p°q7 + 24p*q® — 9p?q)y°.

(
(
(
(

Therefore, the left side and right side of (17) are equal. This
completes the proof of the theorem.
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