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Definitions and Closed Form

Definition - Generalized Lucas Integral Sequence of Order

k > 1 - Bisht (1984)
Let n be a nonnegative integer and

Gn=x{ +x3+-+ X{,
where Xy, Xo, ..., Xx are the roots of the equation

k—2

xK=axk" apxk2 ... 4 g

with integral coefficients and ayx # 0.
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Definitions and Closed Form

The generalized Lucas integral sequence of order 2 with
equation x® = x + 1 is the Lucas sequence.
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Definitions and Closed Form

The generalized Lucas integral sequence of order 2 with
equation x® = x + 1 is the Lucas sequence.

Perrin’s sequence is the generalized Lucas integral sequence
of order 3 with a; = 0, ao = 1, and a3 = 1. Perrin’s sequence
(Sloane - A001608) is defined as Gy = 3, Gy =0, G, = 2, and

Gn — Gn_2 + Gn_3 fOr n 2 3
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Definitions and Closed Form

Gy’s in terms of the a;’s (Newton’s Formulas) - Bisht (1984)

Gy = Kk,
Gn = Z 1ajGn—j+nan, ifn:1,2,...,k—1’
Gn = X118Gn, if n> k.
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Definitions and Closed Form

Using the Girard-Waring formula we have the following closed
form.
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Definitions and Closed Form

Using the Girard-Waring formula we have the following closed
form.

Closed Form
Let {G,} be a generalized Lucas integral sequence and nbe a
positive integer. Then

iy +ip + - —1 :
Gh=n- Z ( i b —1)! ala. .. ak
. . 5 !IQ! Ik|
iy +2ip++--+kig=n
i yiseyif >0
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Divisibility

Theorem 1 - Bisht

Let {Gnh} be a generalized Lucas integral sequence of order
k > 1 and p be a prime number. Then

Gp =Gy (mod p).
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

Theorem 1 - Bisht

Let {Gy} be a generalized Lucas integral sequence of order
k > 1 and p be a prime number. Then

Gp =Gy (mod p).

Theorem 2 - Bisht

Let {G,} be a generalized Lucas integral sequence of order
k > 1 and p be a prime number. Then, for positive integers m
and r,

Gmpr = Gppr—1 (mod p").
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Divisibility

Hoggatt and Bicknell (1974) proved that if p is prime, then
L, =Ly (mod p).
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Divisibility

Hoggatt and Bicknell (1974) proved that if p is prime, then
L, =Ly (mod p).

Lucas (1878) studied Perrin’s sequence and proved that if p is
prime, then G, = Gy (mod p).
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Lucas (...) Seq.

During their study of Perrin’s sequence, Adams and Shanks
(1982) extended Perrin’s sequence to negative indices and
proved that G_p, = G_1 (mod p) when p is prime.
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Lucas (...) Seq.

During their study of Perrin’s sequence, Adams and Shanks
(1982) extended Perrin’s sequence to negative indices and
proved that G_p, = G_1 (mod p) when p is prime.

We wish to extend the definition of a generalized Lucas integral
sequence of order k > 1 to negative indices so that

Gh=x{+x3+ - +x{

is true for negative integers n.

Curtis Cooper and Lawrence Somer

Lucas (a1, ap, - - ., ax = 1) Sequences and Pseudoprimes



Lucas (...) Seq.

During their study of Perrin’s sequence, Adams and Shanks
(1982) extended Perrin’s sequence to negative indices and
proved that G_p, = G_1 (mod p) when p is prime.

We wish to extend the definition of a generalized Lucas integral
sequence of order k > 1 to negative indices so that

Gh=xXx{+x3+ - +x{
is true for negative integers n.

In the meantime, we want these G,’s to be integers. One way
to do thisisto let g, = 1.
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Lucas (...) Seq.

Therefore, we define G for negative indices as follows:

Gy = Kk,
Gon = - 2}7:_11 ak—jG_pyj—nNak—p, ifn=12.. k-1,
G = - Z/l'(;11 ak_jG_nyj+ G_pik, ifn>k.

Curtis Cooper and Lawrence Somer

Lucas (ay, ap = 1) Sequences and Pseudoprimes



Lucas (...) Seq.

Therefore, we define G for negative indices as follows:

Gy = Kk,
Gon = - 2}72_11 ak—jG_pyj—nNak—p, ifn=12.. k-1,
G = - Z/l'(;11 ak_jG_nyj+ G_pik, ifn>k.

We call these generalized Lucas integral sequences of order
k > 1 with a, = 1 that are defined for negative indices Lucas
(a1, a,...,ax = 1) sequences.
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Lucas (1,1) Sequence
n 0|1 (2|3 (4|5 6 |7 8 |9 10 | 11
G, |21 (3[4 |7|11 |18 |29 |47 |76 | 123 | 199
Gnp|2|-1|3|-4|7]-11[18|-29 |47 |-76| 123 | -199
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Lucas (1,1) Sequence
n 0|1 (2|3 (4|5 6 |7 8 |9 10 | 11
G, |21 (3[4 |7|11 |18 |29 |47 |76 | 123 | 199
Gnp|2|-1|3|-4|7]-11[18|-29 |47 |-76| 123 | -199

This is the Lucas sequence.
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N

Lucas (2,1) Sequence

)
n 1123 4 |5 6 7 8 9
Gn 2 16|14 | 34|82 | 198|478 | 1154 | 2786
G_n 2|6 |-14 |34 | -82 | 198 | -478 | 1154 | -2786

NN O
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Lucas (2,1) Sequence
n 0|1 2|3 |4 |5 |6 7 8 9
G, |2|2 |6|14 |34 |82 | 198|478 | 1154 | 2786
G,p|2|-2/6|-14|34|-82|198 | -478 | 1154 | -2786

This is the Pell-Lucas sequence.
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Lucas (0,1, 1) Sequence

n o1 (2|34 5|6 |7 |8 (9 [10]|11 |12 13
G, |3]0 |2(3]|2 12117 |22 | 29 | 39
G,p,|3|-1|1]2|-3|4|-2|-1|5 (7|6 |-1|-6 |12

(6]
()]
~
-
o
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Lucas (0,1, 1) Sequence

n o1 (2|34 5|6 |7 |8 (9 [10]|11 |12 13
G, |3]0 |2(3]|2 12117 |22 | 29 | 39
G,p,|3|-1|1]2|-3|4|-2|-1|5 (7|6 |-1|-6 |12

(6]
()]
\‘
-
o

This is Perrin’s sequence.
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Lucas (0,2, 1) Sequence

n 0O|1 2|3 4|5 6 |7 8 |9 10
G, |3/0 |43 8|10 |19 |28 |48 |75 | 124|198
G,|3|-2[4|-5/8|-12|19|-30 |48 -77| 124 | -200
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Lucas (0,2, 1) Sequence
n 0|1 (2|83 (4|5 6 |7 8 |9 10 | 11
Gn |3|/0 |43 8|10 19|28 |48 |75 | 124|198
G.,|3|-2|4|-5(8|-12|19|-30 |48 |-77 | 124 | -200

Lucas (1,0,1,1) Sequence
n 3 14|5 6 |7 8 |9 10 11

)

2

114 911 |16 29 |49 |76 | 121 | 199
11-419|-11]16]-29 |49 |-76 | 121 | -199

—

1
1
X

Gn
G-n
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Lucas (0,2,0, 1) Sequence

n 0|1]2 |3|4 |5]|6 718 [9]10 11
G, |4/0(4 |[0/12|0|28 |[0|68|0|164 |0 | 396
G,|4|0/-4/0[12/0|-28|/0|68|0|-164 |0 | 396
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Lucas (0,2,0, 1) Sequence

n 0[1(2 |3|4 |5|6 718 |9]10 11 | 12

G, |4/0[4 |[0[|12]|0/28 |[0|68|0|164 |0 | 396

G, 4/0|-4{0[12|0|-28|/0|68|0|-164|0 | 396
Lucas (0,4,0, 1) Sequence

n 0|1|2 |3|4 |[5|6 7|8 9110 11

Gh |(4/0|/8 [0[36|0(152 |0|644|0|2728 |0

G, 4/0|-8{0|36|0(-152|0|644|0|-2728|0
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Lucas (1,3, 1) Sequence

n o1 (2|3 4 |5 6 7 8 9
G, |3|1 |7]13 | 35|81 | 199 | 477 | 1155 | 2785
G.,|3|-3|7]|-15|35|-83|199 | -479 | 1155 | -2787
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Lucas (1,3, 1) Sequence

n 0|1 213 4 5 6 7 8 9

Gn 3|1 7113 | 35 | 81 199 | 477 | 1155 | 2785

G_,|3|-3|7|-15|35|-83|199 | -479 | 1155 | -2787
Lucas (2,0,2, 1) Sequence

n 0/1 |23 4 |5 6 7 8 9

Gn 412 4|14 |36 |82 | 196 | 478 | 1156 | 2786

Gh,|4|-2|4|-14 |36 |-82 | 196 | -478 | 1156 | -2786
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Theorem 3
Let {Gnh} be a Lucas (a1, a2, ...,ax = 1) sequence. Then

Gp=G_1 (modp)
when p is prime and for positive integers m and r and for p a

prime
G_mpr = G_ppr—1 (mod p’).
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e Pseudoprimes

Curtis Cooper and Lawrence Somer

as (a, ) Sequences and Pseudoprimes



Pseudoprimes

Definition
Let {G,} be a Lucas (a1, a0, ...,ax = 1) sequence. A
composite n such that

Gnh= Gy (mod n)

and
G_n=G_1 (mod n)

is called a Lucas (a1, a, ..., ax = 1) pseudoprime.
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

| k| (ar,a,...,ak =1) | pseudoprimes < N

2 [ (1,1) 705, 2465, 2737, 3745, 4181,5777 < 6000
2 [(2,1) 4,169, 385,961,1105, 1121, 3827 < 4000
3[(1,0,1) < 1000000

30(0,1,1) < 1000000

31(2.0,1) < 1000000

31 (1,1,1) < 1000000

31(0,2,1) 705,2465,2737,3745,4181,5777 < 6000
3[(3,0,1) < 100000

3 (21,1 < 100000

30(1,21) 4 < 100000

31(0,3,1) < 100000

3[(4,0,1) 4 < 100000
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

| k| (ar,a,...,ak =1) | pseudoprimes < N
3](3,1,1) 4,66,33153, 79003 < 100000
3(221) 79003 < 100000
3[(1,31) 169, 385,961, 1105, 1121, 3827 < 4000
3((0,4,1) 4 < 100000
4 |(1,0,0,1) 4,34,38,46,62,94,106,122,158 < 160
4 |(0,1,0,1) 9,12,15,21,25,27,33,35,36,39 < 40
41(0,0,1,1) < 100000
41(2,0,0,1) < 100000
41(0,2,0,1) 4,9,12,15,21,25, 27,33, 35,36 < 38
41(0,0,2,1) 6 < 100000
41(1,1,0,1) < 100000
41(1,0,1,1) 705, 2465, 2737, 3745, 4181,5777 < 6000
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

| k| (a1, a,...,ak) | pseudoprimes < N \
41(0,1,1,1) < 100000

41(3,0,0,1) < 100000

41(0,3,0,1) 6,9,15.18,21,25,27,33,35. 30, 45 < 48
41(0,0,3,1) 4 < 100000

41(21,01) < 100000

41(20,1,1) < 100000

41(1,2,01) 4 < 100000

41(1,0,2,1) < 100000

41(0,1,2,1) 2465, 2737,3745,4181,5777,6721 < 10000
41(0,2,1,1) < 100000

41(1,1,1,1) 49 < 100000

4[(4,0,0,1) 4,6 < 100000
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

| k| (a1, a,...,a) | pseudoprimes < N \
4 |(0,4,0,1) 4,9,12,15,21,25,27,33,35,36,39 < 40
41(0,0,4,1) 4,10, < 100000
41(3,1,0,1) < 100000
41(3,0,1,1) 9 < 100000
41(1,3,0,1) < 100000
4 (1,0,3,1) 4.9 < 100000
41(0,3,1,1) < 100000
41(0,1,3,1) < 100000
4](2,2,0,1) < 100000
4 (2,0,2,1) 169,385,961,1105,1121,3827,4901 < 4000
41(0,2,2,1) < 100000
41 (21,1,1) 4 < 100000
41 (1,2,1,1) < 100000
41 (1,1,2,1) < 100000
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Is the set of Lucas (0,2, 1) pseudoprimes equal to the set of
Lucas (1,0, 1, 1) pseudoprimes?
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Is the set of Lucas (0,2, 1) pseudoprimes equal to the set of
Lucas (1,0, 1, 1) pseudoprimes?

The key to looking at this question is the characteristic
polynomials of these sequences.
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Characteristic Polynomials

Lucas (1,1) sequence: x® — x — 1.

Curtis Cooper and Lawrence Somer

Lucas (ay, ap ax = 1) Sequences and Pseudoprimes



Characteristic Polynomials

Lucas (1,1) sequence: x® — x — 1.
Lucas (0,2, 1) sequence: x3 —2x —1 = (x> —x —1)(x +1).
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Characteristic Polynomials

Lucas (1,1) sequence: x® — x — 1.
Lucas (0,2, 1) sequence: x3 —2x —1 = (x> —x —1)(x +1).
Lucas (1, 0 1 1)sequence

3_

4

X —X

—1=(x2—x—-1)(x2+1).
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Characteristic Polynomials

Lucas (1,1) sequence: x® — x — 1.
Lucas (0,2, 1) sequence: x3 2x —1= (X2 —x —1)(x +1).
Lucas (1, 0, 1,1) sequence
x*—x3—x—1=(x2-x—-1)(x2+1).
Lucas (0,1,2 1) sequence

2

xtf—x2—2x —1=(x2—x—-1)(x®+x+1).
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Characteristic Polynomials

Lucas (1,1) sequence: x® — x — 1.

Lucas (0,2, 1) sequence: x3 2x —1= (X2 —x —1)(x +1).
Lucas (1, 0, 1,1) sequence
x*—x3—x—1=(x2-x—-1)(x2+1).

Lucas (0,1,2 1) sequence

xtf—x2—2x —1=(x2—x—-1)(x®+x+1).

Observe that in each case, the characteristic polynomial of the
Lucas (0,2,1), (1,0,1,1), or (0,1,2,1) sequence is equal to
the characteristic polynomial of the Lucas (1, 1) sequence
multiplied by a cyclotomic polynomial.
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

Theorem 5

Suppose that the characteristic polynomial of a Lucas
(ay,ao,...,ax = 1) sequence is equal to the characteristic
polynomial of a Lucas (by, by, ..., b, = 1) sequence multiplied
by j polynomials, each of which is a cyclotomic polynomial of
order my, mo, ..., m;, respectively. Assume that the
characteristic polynomial of the Lucas (aj, a,...,ax = 1)
sequence has no repeated roots. Let m = lem(my, my, ..., m;).
Then each Lucas (b1, b, ..., b = 1) pseudoprime which is
relatively prime to mis a Lucas (ay,az,...,ax=1)
pseudoprime.
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Definitions and Closed Form Divisibility Lucas (...) Seq. Examples Results Pseudoprimes Questions

Theorem 5

Suppose that the characteristic polynomial of a Lucas
(ay,ao,...,ax = 1) sequence is equal to the characteristic
polynomial of a Lucas (by, by, ..., b, = 1) sequence multiplied
by j polynomials, each of which is a cyclotomic polynomial of
order my, mo, ..., m;, respectively. Assume that the
characteristic polynomial of the Lucas (aj, a,...,ax = 1)
sequence has no repeated roots. Let m = lem(my, my, ..., m;).
Then each Lucas (b1, b, ..., b = 1) pseudoprime which is
relatively prime to mis a Lucas (ay,az,...,ax=1)
pseudoprime.

Since there are no even Lucas (1, 1) pseudoprimes and since
x + 1 and x2 + 1 are cyclotomic polynomials of orders 2 and 4,
respectively, all Lucas (1, 1) pseudoprimes are both Lucas
(0,2,1) pseudoprimes and Lucas (1,0, 1, 1) pseudoprimes.
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Is the set of Lucas (0, 2,0, 1) pseudoprimes equal to the set of
Lucas (0,4,0, 1) sequences?
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Is the set of Lucas (0, 2,0, 1) pseudoprimes equal to the set of
Lucas (0,4,0, 1) sequences?

The Lucas (0, a2, 0, 1) pseudoprimes are precisely the odd
composite natural numbers and the even integers 2m > 4 for
which m|Gn(az, 1).
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Is the set of Lucas (0, 2,0, 1) pseudoprimes equal to the set of
Lucas (0,4,0, 1) sequences?

The Lucas (0, a2, 0, 1) pseudoprimes are precisely the odd
composite natural numbers and the even integers 2m > 4 for
which m|Gn(az, 1).

Lawrence Somer gives comprehensive criteria for determining
when n|Gp(ay, 1), which relates to Theorem 6.
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The answer to Question 2 is no.
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The answer to Question 2 is no.
The first composite even integers which are Lucas (0,2,0,1)

pseudoprimes and not Lucas (0,4, 0, 1) pseudoprimes are 132,
396, and 1188.
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The answer to Question 2 is no.

The first composite even integers which are Lucas (0,2,0,1)
pseudoprimes and not Lucas (0,4, 0, 1) pseudoprimes are 132,
396, and 1188.

The first composite even integer which is a Lucas (0,4,0,1)
pseudoprime and not a Lucas (0, 2,0, 1) pseudoprime is 1284.
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For every k > 2, is there a k-tuple (ay, az, ..., ax = 1) such that
there are an infinite number of Lucas (ay, az,...,ak = 1)
pseudoprimes?
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For every k > 2, is there a k-tuple (ay, az, ..., ax = 1) such that
there are an infinite number of Lucas (ay, az,...,ak = 1)
pseudoprimes?

The answer is yes.
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Is there a Lucas (0,1, 1) pseudoprime?
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Question 4
Is there a Lucas (0,1, 1) pseudoprime?

The answer to this question is unknown. Composite n up to 10’
have been checked and so far, no Lucas (0, 1, 1) pseudoprimes
have been found. If such an example exists, we suspect it will
be very large.
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