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Introduction

In his “lost notebook”, Ramanujan gave twelve algebraic
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Introduction

In his “lost notebook”, Ramanujan gave twelve algebraic
statements. Here are some of these statements.
If g° = 3, then

JP+1+/59=5 1
IHITV0=S 1 gy gt. (1)
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Introduction

In his “lost notebook”, Ramanujan gave twelve algebraic
statements. Here are some of these statements.
If g° = 3, then

Vo +1+5g-5 1

2 3
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If g° = 2, then
4 3 —1
1+gZ=g+g\/%Lg . B
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Introduction

If g° = 2, then

g9+g7_g6_1
49 — 3 = . 3
V4ag 7 3)
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Introduction

If g° = 2, then

9 7 6
+9g’ —g° 1
Vag-3=S—F @)
If g° = 3, then
1+9—-9°
32_93_\3%9, 4)

Curtis Cooper University of Central Missouri

Algebraic Statements Similar to Those in Ramanujan’s “Lost Notebook”



Introduction

If g° = 2, then

/1 s g VItEP
1+g+93—W7 ()
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Introduction

If g° = 2, then

2
V1+9+9°= +g, (5)

If g* = 5, then

V3429 — ¥/4—4g

V/3+2g+ /4 —4g

=2+9+¢°+9° (6)

Curtis Cooper University of Central Missouri

Algebraic Statements Similar to Those in Ramanujan’s “Lost Notebook”



Introduction

Recently, Hirschhorn gave some simple proofs of these
statements.
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Introduction

Recently, Hirschhorn gave some simple proofs of these
statements.

One technique he used and we will use throughout the paper is
componendo et dividendo, which states that
a_c

if lyif —=—=.
if and only i b= o

at+b c+d
a-b c—d
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Introduction

Recently, Hirschhorn gave some simple proofs of these
statements.

One technique he used and we will use throughout the paper is
componendo et dividendo, which states that

at+b c+d
a-b c—d

a c
if lyif —=—=.
if and only i b= o

We will give some similar algebraic statements to Ramanujan’s
statements and provide some proofs.
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First Algebraic Statement

Here is Ramanujan’s algebraic statement (1).
If g° = 3, then

21 1+5g-5 1
VEFTEVGTS 1 o s

Ve +1-5-5 9
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First Algebraic Statement

Here is Ramanujan’s algebraic statement (1).
If g° = 3, then

VPTG 1 o
VEi-g—5 g 0 77T

Here is a similar statement.

Theorem
If g° = 2, then

4g2 2+/8g2 +41g —54 1
VAP Tgr2+ V8P talg 54 1 L o s
V42 +g+2— /892 +41g—-54 g
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First Algebraic Statement

If g° = 2, then

42 v g +2 2141g-54 1
VA Fg+2+y/8gEkAlg-54 1 o s
VA4g2 +g+2—./8g2+41g—-54 g
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First Algebraic Statement

If g° = 2, then

492 2 892 +41g—-54 1
VAP Tgt2+ V8P4l -54 1 L o s
V42 +g+2— /892 +41g—-54 g
Proof.

The algebraic statement is equivalent to

V4P +9+2+/82 +41g-54 _1+9°+g°+¢*
VAR +g+2—/8g2 +41g — 54 g '
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First Algebraic Statement

If g° = 2, then

492 2 2+41g-54 1
VAP Tgt2+ V8P4l -54 1 L o s
V42 +g+2— /892 +41g—-54 g
Proof.

The algebraic statement is equivalent to

VAP +g+2+/8g2 +41g-54 1+g*+g°+¢*
VAR +g+2—/8g2 +41g — 54 g '
Thus, by componendo et dividendo, we need to show that

42 +g+2  1+g+g?+g°+g*
8g2+41g-54 1-9g+g2+¢3+g*
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First Algebraic Statement

This is equivalent to showing that

(1+9g+9°+3°+g")?%(89g° +41g — 54)
=(1-9+9°+9°+9")%(4g° + g +2).
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First Algebraic Statement

This is equivalent to showing that
(1+9+9°+3°+9%)?%(89° + 419 — 54)
=(1-g+d°+9°+9"%(49° +g+2).

Expanding both sides of the above equation and using the fact
that g° = 2, the left- and right-hand sides of the equation are
equal and the theorem is proved.
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Second Algebraic Statement

Here is Ramanujan’s algebraic statement (2).
If g° = 2, then

g*+g*+g-—1

1+9°%=
J V5
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Second Algebraic Statement

Here is Ramanujan’s algebraic statement (2).
If g° = 2, then

g*+g*+g-—1

1+9°%=
J V5

Here is a similar statement.
Theorem
If g° = 8, then

_gt+2g8-2¢2-2
25 ’
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Second Algebraic Statement

If g° = 8, then

292 -3 = g'+29° 29" 2
25
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Second Algebraic Statement

Theorem
If g° = 8, then

4 3_ o2
/292—3:9 +2g° — 29 2‘
2\5
Proof.

Using the fact that g° = 8, we have the following equalities.

(9" +29° —2¢° —2)* = ¢° + 49" — 8¢° — 8¢° + 89" + 4
—=8g°+329° — 64 —8g° +8g° + 4
= 40g® — 60 = 20(2g° — 3).
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Second Algebraic Statement

Theorem
If g° = 8, then

4 3_ o2
/292—3:9 +2g° — 29 2‘
2\5
Proof.

Using the fact that g° = 8, we have the following equalities.

(9" +29° —2¢° —2)* = ¢° + 49" — 8¢° — 8¢° + 89" + 4
—=8g°+329° — 64 —8g° +8g° + 4
= 40g® — 60 = 20(2g° — 3).

This proves the theorem.
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Second Algebraic Statement

To find some more algebraic identities similar to (2), we used a
C++ program to search for solutions to

(R+ Sg+ Tg? + Ug® + Vg*)? = Cg® + E,

where g° = h+ 1.
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Second Algebraic Statement

To find some more algebraic identities similar to (2), we used a
C++ program to search for solutions to

(R+ Sg+ Tg? + Ug® + Vg*)? = Cg® + E,

where g° = h+ 1.
Here is the C++ program.

Curtis Cooper University of Central Missouri

Algebraic Statements Similar to Those in Ramanujan’s “Lost Notebook”



Second Algebraic Statement

#include <iostream>
#include <fstream>

using namespace std;

// This program searches for integers R, S, T,
// U, V, and h

// such that if g°5 = h+1, then

// (R+Sg+Tg~2+Ug~3+Vg~4) "2 = Cg™2 + E

// Bounds for R, S, T, U, V, and h

// will be input from the keyboard.
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Second Algebraic Statement

long long gcd(long long a, long long b) {
long long r = a%b;
while (r>0) {

a = b;
b = r;
r = a%b;

return b;
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Second Algebraic Statement

int main ()

{

long long upperR, upperS, upperT, upperU;
long long upperV, upperh;

long long R, S, T, U, V, A, B, C, D, E, G, h;
ofstream outfile ("outputproggenl_5");

cout << "Input upper limit_for R:";

cin >> upperR;

cout << "Input upper limit_for S:";

cin >> uppersS;

cout << "Input upper limit_for T:";

cin >> upperT;

Curtis Cooper University of Central Missouri
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Second Algebraic Statement

cout << "Input upper limit_for U:_";
cin >> upperU;
cout << "Input, upper limit_for V:_";
cin >> upperV;
cout << "Input, upper limit_for h:_";
cin >> upperh;
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Second Algebraic Statement

cout << "R =" << upperR << endl;
cout << "S =" << upperS << endl;
cout << "T =" << upperT << endl;
cout << "U_=_" << upperU << endl;

—_o

cout << "V_=_" << upperV << endl;

cout << "h =" << upperh << endl;

outfile << "R _=_" << upperR << endl;
outfile << "S =" << upperS << endl;
outfile << "T_=_" << upperT << endl;
outfile << "U_=_" << upperU << endl;

outfile << "V _=_" << upperV << endl;

—_

outfile << "h =" << upperh << endl;
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Second Algebraic Statement

for (R=—-upperR; R<=upperR; R++) {
for (S=-upperS; S<=upperS; S++) {
for (T=-upperT; T<=upperT; T++) {
for (U=-upperU; U<=upperU; U++) {
for (V=1; V<=upperV; V++) {
for (h=-upperh; h<=upperh; h++) {

Curtis Cooper University of Central Missouri
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Second Algebraic Statement

A
B
C =
D
E
i

Curtis Cooper University of Central Missouri

2*xR*V+2xS+U+T+*T;

= (h+1) *V*V+2+xS*T+2+R+U;

2% (h+1) xUxV+2+«R+«T+S%S;

(h+1) * (UxU+2*T+V) +2%R*S;

(h+1) x (2xS*V+2*T*U) +R*R;

f (R!'=0 && A==0 && B==0 && h!=-1 && h!=0 && D==0)
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Second Algebraic Statement

if (R>0) G = R;

else G = -R;

if (S$>0) G = gcd(G, S
else if (S<0) G = gc
if (T>0) G = gcd(G,T
else if (T<0) G =

if (U>0) G = gcd(G,U
else if (U<0) G =

G = gcd(G,V);

if (G==1) {
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Second Algebraic Statement

cout << Mukxkhkhkhrxhkhkhrxhkkxhkxkkxkxx*x" << endl;

cout << "R =" << R << "_ S =" << 5 << endl;
cout << "T =" << T << " _U_=." << U << endl;
cout << "V_ =" << V << " h =" << h << endl;

cout << "If g°5_ =." << (h+l) << ", _then" << endl;
cout << "The_square_root of (" << C

<< "g"2 +.," << E << ")" << endl;
cout << "=_ (" << R << "4+ " << S << "g_+."

<< T << "g"2 4" << U << "g"3_+."

<< V << "g”"4) " << endl;
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Second Algebraic Statement

outfile << "xkxkhkhxhxkxkkhkkhxkxkxxxx" << endl;

outfile << "R =" << R << " 5 =" << S << endl;
outfile << "T =" << T << " U =" << U << endl;
outfile << "V =" << V << " _h =" << h << endl;

outfile << "If g~"5 =" << (h+l)

<< ", then" << endl;
outfile << "The_square_root_of (" << C

<< "g"2_+." << E << ")" << endl;
outfile << "=_(" << R << "+ " << § << "g_+."
<< T << "gT2_ +." << U << "g"3_ +."
4

g —_
<< V << "g“4) " << endl;
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Second Algebraic Statement

return 0;
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Second Algebraic Statement

= 20

= 20

= 20

= 20

= 20

= 20

R e b b b b b b b 2 b b i b b b b b b b b 4

= -9 35 = -3

= -6 U=3

V=1h-=17

If g°5 = 18, then

The square root of (225972 + -675)
= (-9+ -3g + -69g72 + 39”3 + 1g~4)

H X o+ O << a8 nX
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Second Algebraic Statement

R b b b b b e b b db b b b S b b b d b b g b 4
R=-25=0

T=-20U=2

V=1h=17

If g°5 = 8, then

The square root of (40972 + -60)
= (-2+ 0g + -2g”2 + 2g°3 + 1lg~4)
R b b b b b b e b b a3 b b b b b i b b b I 4
R=-1S8S=1

T=0U0U-=1

V=1h-=1

If g°5 = 2, then

The square root of (572 + 5)

= (-1+ 1g + 0”2 + 1g”3 + 1g~4)

Curtis Cooper University of Central Missouri
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Second Algebraic Statement

Using this program, we found the following theorems.
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Second Algebraic Statement

Using this program, we found the following theorems.

If g° = 18, then

9*+39°—69°—3g—9
15 '

g?-3=
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Second Algebraic Statement

Using this program, we found the following theorems.

If g° = 18, then

9*+39°—69°—3g—9
15 '

If g° = 49, then

4 3 2 .
30057 _ 343 — 89"+ 149 154g +14g-49

g?-3=
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0 Third Algebraic Statement
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Third Algebraic Statement

Here is Ramanujan’s algebraic statement (3).
If g° = 2, then

gg+g7_96_1
JA4g — 3 = )
I NG
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Third Algebraic Statement

Here is Ramanujan’s algebraic statement (3).
If g° = 2, then

gg+g7_96_1
JA4g — 3 = )
I NG

Here is a similar statement.
Theorem
If g° = 8, then

g*—9g°+4g9+4
Vg+2= :
g 21/10
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Third Algebraic Statement

To find some more algebraic identities similar to (3), we used a
C++ program to search for solutions to

(R+Sg+ Tg? + Ug® + Vg*)?2 = Dg + E,

where g° = h+ 1. We found the following theorems.
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Third Algebraic Statement

To find some more algebraic identities similar to (3), we used a
C++ program to search for solutions to

(R+Sg+ Tg? + Ug® + Vg*)? = Dg + E,
where g° = h+ 1. We found the following theorems.

Theorem
If g° = 12, then

g*—g°+29>—8g—10
Vilg-7= :
g W
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Third Algebraic Statement

If g° = 4, then

_g*+gP+2gf -2
Vg+1 :
J 2v5
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Third Algebraic Statement

If g° = 4, then

g*+9°+2g° -2
Vg+1= :
J 2v5

If g° =7, then

4_ g8 _ 2P
\/WZQQ g ig +6g+2.
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Second and Third Algek
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e Second and Third Algebraic Statements
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Second and Third Algek

Here is Ramanujan’s algebraic statement (2).
If g° = 2, then

gt +93+g-1

1+92=
I NG
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Second and Third Algek

Here is Ramanujan’s algebraic statement (2).

If g° = 2, then
4, 3 -
Ji+gp=919 19 Ly
V5

Here is Ramanujan’s algebraic statement (3).
If g° = 2, then

gg+g7_g6_1
J4g — 3 = .
I NG
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Second and Third Algek

Here are two similar statements.
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Second and Third Algek

Here are two similar statements.

If g° = 2, then

V82 —20g+17 = ¢° — g7 + ¢° — 1.
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Algebraic Statements Similar to Those in Ramanuj



Second and Third Algek

Here are two similar statements.

If g° = 2, then

V87 —20g+17 = ° — g7 + g° — 1.

If g° = 2, then

V32 +49+5=g'—®+g+1.

Curtis Cooper University of Central Missouri
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e Fourth Algebraic Statement

y of Central Missou!
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Here is Ramanujan’s algebraic statement (4).
If g° = 3, then
1+g9-¢g°
2 —g3=—2_2
T
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Here is Ramanujan’s algebraic statement (4).
If g° = 3, then
/2 — g3 = 1+9-¢ —{—g—gz.
V5
Here is a similar statement.

Theorem
If g° = 96, then

& = 4+29—g°

/16 — STy
2y5

Curtis Cooper University of Central Missouri
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Here is another similar statement.

If g° = 3072, then

16+4g g
\3/128— .
GF 4\/—
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Here is another similar statement.

If g° = 3072, then

2
3/7128—g3 _ 16+4ag g
45
We were then able to generalize the above results.

Let k be a nonnegative integer. If g° = 3 - 32k, then
k | ok 2
V2 -8k — g3 = w
2k/5

Curtis Cooper University of Central Missouri
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@ Fifth Algebraic Statement
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Here is Ramanujan’s algebraic statement (5).

If g° = 2, then
1+ a2
v V5
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Here is Ramanujan’s algebraic statement (5).

If g° = 2, then
V1+g+93="~ +gz,

Here is a similar statement.
Theorem
If g° = 8, then

5 _ V2449
vV2+2g+g2= 970

Curtis Cooper University of Central Missouri
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To find more algebraic identities similar to (5), we used a C++
program to search for solutions to

(R+ Sg+ Tg?)° = (A+ Bg + Cg® + Dg?)?,

where g° = h+ 1. If we have this result, we have more
theorems. The next theorem is one that we discovered. The
proof is similar to the proof above.

Curtis Cooper University of Central Missouri
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To find more algebraic identities similar to (5), we used a C++
program to search for solutions to

(R+ Sg+ Tg?)° = (A+ Bg + Cg® + Dg?)?,

where g° = h+ 1. If we have this result, we have more
theorems. The next theorem is one that we discovered. The
proof is similar to the proof above.

Theorem

If g° = 8, then

Curtis Cooper University of Central Missouri
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© sixth Algebraic Statement
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We next set out to find algebraic statements similar to (6).
If g* = 5, then
Y3429 — ¥/4—4g
V/B8+2g9+ V/4—4g

=2+9+0°+g°
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We next set out to find algebraic statements similar to (6).
If g* = 5, then

Y3429 — ¥/4—4g
V/B8+2g9+ V/4—4g

To construct such a result, we want to find integers h, A, B, C,
D, and E so that if g* = h+ 1, then

s/Ag+B _E+1+g+g°+g°
Cg+D 1+g+g2+g® =

=2+9+0°+g°

Curtis Cooper University of Central Missouri
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We next set out to find algebraic statements similar to (6).
If g* = 5, then

Y3429 — ¥/4—4g
V/B8+2g9+ V/4—4g

To construct such a result, we want to find integers h, A, B, C,
D, and E so that if g* = h+ 1, then

s/Ag+B _E+1+g+g°+g°
Cg+D 1+g+g2+g® =

We found the following solutions.

=2+9+0°+g°

Curtis Cooper University of Central Missouri
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Cc D E h A B
4 4 2 4 2 3
1
4

2 -79 79 512 -1536
12 -202 404 486 -2187
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The first line is Ramanujan’s (6). Here are the other theorems.
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The first line is Ramanujan’s (6). Here are the other theorems.

If g = 80, then

V5129 — 1536 + {/g+2  —77 +2g+29° + 29°
$/512g — 1536 — {/g + 2 ~79 '

Curtis Cooper University of Central Missouri
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Introduction First Algebraic Statement Second Algebraic Statement Third Algebraic Statement Second and Third Algel

The first line is Ramanujan’s (6). Here are the other theorems.

If g = 80, then

Y5129 — 1536 + {/g+2  —77 +2g+ 292 + 2¢°
/6129 — 1536 — /g +2 -79 '

If g* = 405, then

{/486g — 2187 + {/4g + 12 —200 + 2g + 292 + 2¢°
$/486g — 2187 — $/4g + 12 —202 '
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e More Algebraic Statement
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We next state some theorems similar to some of Ramanujan’s
algebraic statements.
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We next state some theorems similar to some of Ramanujan’s
algebraic statements.

Theorem
If g = 2, then

YT —87g+ ¢/g—1
Y111 —87g— /g —1

=2+9+4%
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We next give another algebraic statement theorem and proof.
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We next give another algebraic statement theorem and proof.
Theorem
If g° = 4, then

3/392 +4g+6+/55g2 +40g —50 2 +2g+ g? +2g° + 2g*
3392 + 4g + 6 — /5592 + 40g — 50 g? '
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Here is another algebraic statement.
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Here is another algebraic statement.

If g° = 2, then

V/B5g? +1+ /3502 +9g—43 2+ g+2g°+2g°+2g*
/592 +1— /3592 + g — 43 g '
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Here is another algebraic statement.
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Here is another algebraic statement.

Theorem
Ifg” =2, then

/12 + 159 +11g2 + 1598 + /14 + 315g + 34692 — 25993 — 2709*
/12 +15g + 11g2 + 1593 — /14 + 315g + 34692 — 25993 — 2709*
_ 2+ g+29°+29° +2g* +2g° +2¢°
g .
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Here is another algebraic statement.
Theorem
Ifg’ =2, then

/12 + 159 +11g2 + 1598 + /14 + 315g + 34692 — 25993 — 2709*
3/12 +15g +11g2 + 15g3 — {/14 + 3159 + 34692 — 259g3 — 27094
_ 2+ g+29°+29° +2g* +2g° +2¢°
g .

One open question is the following.

Can we generate theorems with the hypothesis that gk = 2,
where k > 9 is an odd integer?
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Here are some other theorems.

Theorem
If2g® —3g® — 4 =0, then

V12192 +998g + 121 + 59 —5 16 +4g + 8g?
V121g2 +998g + 121 — 59+ 5 14 + 8g2

Curtis Cooper University of Central Missouri

Algebraic Statements Similar to Those in Ramanujan’s “Lost Notebook”



Introduction First Algebraic Statement Second Algebraic Statement Third Algebraic Statement Second and Third Algel

Here are some other theorems.

If2g® —3g® — 4 =0, then

V12192 +998g + 121+ 59 -5 16 +4g + 8¢9
/12192 +998g + 121 —5g+ 5 14 + 8g2

If2g® —3g® +2 =0, then

/168192 — 18829 + 1681 —g+1 202 + 144g — 20092
\/1681g2 — 18829 + 1681 +g—1 200 + 1409 — 200g?
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Here are some other theorems.

If2g® —3g® — 4 =0, then

V12192 +998g + 121+ 59 -5 16 +4g + 8¢9
/12192 +998g + 121 —5g+ 5 14 + 8g2

If2g® —3g® +2 =0, then

/168192 — 18829 + 1681 —g+1 202 + 144g — 20092
\/1681g2 — 18829 + 1681 +g—1 200 + 1409 — 200g?

Can we generate other similar theorems?
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