VOLUME 13, NUMBER 3, FALL 2001 195

SOLUTION OF A CLASS OF COMPLEX VECTOR
LINEAR FUNCTIONAL EQUATIONS

Ice B. Risteski

Abstract. In this paper a class of complex vector linear functional equations
is solved in the general case, so that the results obtained generalize the results given
in [1].

Introduction. First we introduce the following notations.

Let V be a finite dimensional complex vector space and let there exist mappings
fi:V?P =V (1 < i < n). Throughout this paper Z; (1 < i < n) are vectors
in V and C; are constant vectors in the same space. We may assume that Z; =
(zi1(1), ..., zin(t))T, where the components z;;(t) (1 < i < p; 1 < j < n) are
complex functions and O = (0,0,...,0)7 is the zero vector in V.

In the present paper we will solve the following complex vector functional
equation

n

Zfi(zia Zivi,. o Zisp1)=0  (Zpnyi =7Zi). (1)
i—1

A special case of the above functional equation if p < n < 2p — 1 is solved
in [1]. Some other particular cases of the functional equation (1) are considered
in [2,3] under the hypothesis that the functions and the independent variables are
real.

If we put f; = a;f (1 <i <mn), where a; are complex constants, into (1), then
we obtain the following functional equation

Zaif(zi, Zi+1, Ce. ,Zier,l) = O (ZnJrZ = Zl) (2)

i=1

which is a special case of (1). Functional equation (2) will be solved here.
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1. Main Results. We will prove the following results.

Theorem 1. The general solution of complex vector functional equation (1) is
given by the following formulas.

fi(ZiyZiyr, .. Ziyp 1) (3)

i1
= (U*"Fi({Zi,Ziv1, .- Zivp 1} N {2,211, ... Ly 1))

+ Z (1 Fj({Zi,Zisr, - Ziyp1} {25, Zjia, .. Zjypa}) (1 <i<n),
j=it1

where Fj; (1 <i<n-—-1,i+1<j< n) are arbitrary complex vector functions
from V such that

Fij({Zi,2iyr, .. iy 1} {25,211, Ljrp 1)) = Ay
if
{Zi7 Zi-‘rlu oo 7Zi+p—1} N {Z]7 Zj+17 v 7Zj+p—1} = @7
where A;; are constant complex vectors from V and Y0 = O (a > s).

Proof. We will prove the statement of the theorem by mathematical induction.
For n = 2, equation (1) becomes

f1(Z1,Zs, ... ,Z,) + fo(Zs,Zs, ... ,Z,11) = O. (4)
Putting Z; = C4 into equation (4), we get
fo(Zs,Z3, ... \Zpy1) = —Fi2(Zs,Zs, ... | Z,), (5)
where the following notation is introduced
Fio(Z2,2Zs, ... ,Zy) = [1(C1,Zs,... 7).
If we put (5) into (4), we get
f1(Z1,Zs, ... ,Z,) = F12(Zs,Zs, ... ,Zp). (6)

Therefore, for i = 1,2 from (3) we obtain (6) and (5), respectively, which
means that the theorem holds for n = 2.
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For some fixed n we suppose that the general solution of functional equation
(1) is given by (3).
Now, consider the functional equation

n+1
Z 9i(Zi,Zig1, ...\ Zigp—1) =O. (7)
=1

If we put Z; = C; (1 <4 < n) into (7), we find that function g,+1 has the
following form

gn+1(Zn+1, Zn+2, ey Z’n.+p) (8)

= Z(_l)nFj,n+l({Zn+la Zyio,..., Zn+p} n {Zj, Zj+1, cee Zj+p—1})-
j=1

Substituting (8) into (7) and introducing the new notations

fi(Zi,Zisr, .. Zivp—1) = 9i(Zi, Zigr,s - iy p—1) 9)
+ (1)"EFins1({Zn+1, Znv2, - Loyt V{Zi, Zigrs o .-, Zigp—1}) (1 <0< n),

we obtain equation (1). According to the inductive hypothesis, the general solution
of this equation is given by the formulas in (3). Therefore, from (3), (8), and (9)
we get

9i({Zi,Zir 1, ..  Zivp1})

7—1
=Y (-)""'Fji({Zi, Zivrs - Zivp1} N {Z5, 211, Ljyp1})

+ Z (=1 Fi({Zi, Zisr, - Zivp 1} N {Zj, 211, Zjip 1 })
j=it1

= (=U)"Fint1({Znt1,Zns2, - - Znip}y N{Zi, Ly, ..., Zjrpa}) (1 <i<m),
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ie.

gi(ziu Zi+1, ce 7Zi+p—1)

i—1

=Y (-U"Fi({Zi,Ziv1, - Zivp1} N {2, Zj 11, ...\ Zjrp})
=1
n+1 )

+ Y (“VF;({Zi Zisa, - By} {25,810, Ly 1))
j=i+1
1<i<n+1).

The theorem holds for n + 1 if it holds for n.

Example 1. The general solution of the complex vector functional equation
J1(Z1,2s) + fo(Zo,Z3) + f3(Z3,24) + f1(Zs,Z1) = O,

which is a particular case for n = 4 and p = 2 of equation (1), is given by

= A3+ Fa3(Zs3) + F34(Z4),
= —F14(Z1) — Aoy — F34(Zy),

where F;; (1 < i < 3; 2 < j <4) are arbitrary complex vector functions from V
and A;; (i =1,2; j = 3,4) are arbitrary constant complex vectors also from V.

Example 2. Consider the functional equation
J1(Z1,22,Z3) + f2(Z2,Z3,24) + f3(Z3,Z4,21) + fo(Zs,Z1,Z2) = O,  (10)

where fi: V3 — V (1 < i < 4). This equation is a particular case for p = 3 and
n = 4 of functional equation (1).
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According to Theorem 1, the general solution of functional equation (10) is

J1(Z1,22,Z3) = F12(Zo,Z3) — Fi3(Z1,Z3) + F14(Z1,Z5), (11)
fo(Zo,Z3,2y) = —F19(Z2,Z3) — F3(Z3,Zs) + F24(Z2,7Z,), (12)
f3(Z3,24,Zy) = Fi3(Z1,Z3) + F3(Z3,Z4) + F34(Z1, Zy), (13)
Ji(Z4,21,Z) = —F14(Z1,Z3) — F24(Zo,Zy) — F34(Z1,Zy), (14)

where Fio, Fi3, F14, Fb3 and F34 are arbitrary complex vector functions from V.

Theorem 2. The general solution of complex vector functional equation (2) is
given by

f(Z1,Zs,...,Z,) (15)
n 1—1 . .

=S [Z(—U”lcnﬂlaﬁ({zi, Zivt, o Zivp 1} N {Zj, Zjy1, o Zjup 1))
i=1 j=1

+ > (VC GG ({Z Zivs - Zavp1} N{Zg, g3 Ziep )|
=it

where C is a cyclic operator such that CG(Z1,Zs, ... ,Zy,) = G(Z2,Zs, ... ,Z,,Zy);
Gij 1 <i<n-—1;i+1<j <n) are arbitrary complex vector functions from V
and >0 = O (a > s).

Proof. If we apply operator C"*17% to both sides of (3) (with f; replaced by
a;f) and then multiply by indefinite complex constants a; (1 < i < n), we have

aioziC”Jrl*if(Zi, ZfL'Jrl, ey Zierfl) (16)

1—1
=q [Z(—l)”lC"H_Tﬁ({Zia Zitr,oo  Zivp 1} {Z5, 241, Zjipr})
=1

n

+ Z (=1C" M F (24, Zias - L1 Y N {Z5, 241, Ljypn})



200 MISSOURI JOURNAL OF MATHEMATICAL SCIENCES

By summing up the above functions (16), we obtain

(é aiai>f(zl, Zy,...,Z,) (17)

n

i—1
a; [Z(—l)ZHC"HﬂFji({Zu Zivr,o s Livpa}y {25, Zj1, - Zjrpa })
1

2 =1

n

+ > (VTR (Z Zivs - g1} 0425, Zgrs - Zp}) |-
j=i+1

From equation (2) and equality (17) we find

T i=1
n n 1—1
_ { S a {Z(_lyﬂcnw
r=1 i=1 =1

Fsil{Zi,Zivr - Zivp1} O {Zj, Zjtr, - Zjyp1})

n—1
+ ) (-niemtr

j=i+1

Fij({Zi,Ziva, ... \Zivp 1} {2, Zj1,. .. 7Zj+p1})} }
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Fyji{Zi,Zivrs - Zivp1} N {Zj, 2y, - Ly p1})

n—1 n n
+ Z Z (_1)jaiza7_cn+r—i
r=1

i=1 j=i+1

Fij({Zi,Zivs, - Zivp1} N {Zj, 2y, - Ly p1})

{ i |:aicn+r—i
r=1

M:

2

\ |
+

Fij({Zi,Zivs, - Zivp1} N2y, 2y, - - Zjyp1})

—a;C"" I ({Zi, Zigrs - Zivp1} N {2, g, - aZj+p1}):| }

— i( CnJrl z{ia |: iCT71
i 1 r=1

Fij({Zi,Ziv1, - s Zivp1} {25, Zjya, - Zjip1})

—a;C i ({Zi, Zisrs - Dy} N {Zoij, L1, - - - ,Z2z‘—j+p—1})] }

Now, we may determine the constants «; (1 < i < n) from the identities

Z Q- [aicr_lFij({Zi, Zi+1, ceey Zi+p—l} N {Zj, Zj+1, ey Zj+p_1}) (18)

r=1

—a;C" E({Zi, Zisrs - Lip1} N {Zoij, Zoi—ji1, oo Zoijip-1})| = O

(1<i<n—1; i+1<j<n).
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Equation (17) may be rewritten in the following form

@ o )T =5, (19)

and because it has a unique solution T, by introducing the new functions

(15) follows.
Example 3. We consider the functional equation
[(Z1,22,Z3) — f(Z2,Z3,24) + f(Z3,Z4,71) — f(Z4,Z1,Z3) = O. (21)

According to (11), (12), (13) and (14) we obtain

[(Z1,24,Z3) = F15(Z3,Z3) — F13(Z1,Z3) + F14(Z1,Zo),
— f(Z1,22,23) = —F12(Z1,Z3) — F23(Z2,Z3) + F24(Z1,Z3),
[(Z1,Z5,73) = F13(Z3,Z1) + Fa3(Z1,Z2) + F34(Z3,Z5),
— f(Z21,23,23) = —F14(Z2,Z3) — F24(Z3,Z1) — F34(Z2, 7).

On the basis of the identities in (18), we determine the constants o; (i =
1,2,3,4) as follows

a1 F19(Zy,Z3) — asFi2(Zh,Zs) — o Fro(Zs, Zy) + asFi2(Zo, Z3)
+a1F12(Z4,Z1) — 0o F19(Z3,Z4) — a1 Fi2(Z1,Z2) + e F12(Z3,Z:) = O,

— a1 F13(Z1,2Z3) + asFi3(Z3,Z1) + on Fig(Zo, Zy) — a3 F13(Z4,Z5)
— a1 F13(Z3, 70 ) + a3 Fi3(Z1, Z3) + on Fi3(Zy, Zs) — a3F13(Z2,Z4) = O,

a1 F14(Z1,2Zo) — aunF14(Zo, Z3) — o Fra(Zo, Zs) + asFr4(Zs3, Z4)
+a1F14(Zs,Z4) — 0uF14(Za,Z0) — a1 F14(Zy, 21 ) + cuFr4(Z1,Zy) = O,
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— aoFh3(Zo, Z3) + a3 Fos3(Zy, Zo) + o Fo3(Zs, Zy) — a3 Fa3(Za, Z3)
— aoFh3(Za, 7)) + a3Fo3(Zs3, Zy) + 0o Fo3(Zy, Zy) — a3 Fa3(Zy,Z1) = O,

a2 Fou(Z1,Z3) — oy Foy(Z3,721) — o Fos(Zo, Zy) + s Fou(Z4, Z5)
+ aoFou(Zs,Z1) — cuFou(Z,Z3) — aoFou(Zy, Zs) + cuFo4(Z1,Z4) = O,

a3F34(Z3,Zo) — auFs4(Zo, Z1) — a3F34(Za, Z3) + auFs4(Zs3, Zs)
+ 3F34(Z1,Z4) — 0uF34(Zy,Z3) — a3F34(Zo, Z1) + s F34(Z1,Z4) = O.

Thus, we obtain
Q] = —Q2, Q1 = a3, Q1 = —04, Q= —Q3, 0y =04, Q3= —04,
which means that oy = —as = a3 = —ay = 1.
The general solution of functional equation (21) is
f(Z1,22,Z3) = F(Z1,Z2) + F(Z2,Z3) + G(Z1,Z3) — G(Z3,7Z1),

where

F(Z1,Z9) = Fru(Z1,2Z2) + Fr2(Z1,Zs) + Fa3(Z1,Z3) + F34(Zo,Z4),
G(Z1,Z3) = —F13(Z1,Z3) — F24(Z1,Z3).
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