A PROOF OF JENSEN’S INEQUALITY

Joseph Bennish

Jensen’s inequality is one of the most important inequalities in all of mathematics. The version of this inequality for sums states that for any convex function ϕ(x) on an interval (a, b), the inequality

ϕ(p_1x_1 + p_2x_2 + · · · + p_nx_n) ≤ p_1ϕ(x_1) + p_2ϕ(x_2) + · · · + p_nϕ(x_n), (1)

holds for any positive numbers p_1, . . . , p_n satisfying p_1 + · · · + p_n = 1, and any numbers x_1, . . . , x_n in (a, b). Setting n = 2 in the above inequality gives the analytic definition of a convex function. Geometrically, convexity asserts that the curve lies on or below the whole chord. The purpose of this note is to present a short and simple proof of Jensen’s inequality, both for sums and integrals, which could not be located in the literature by the author.

Jensen’s inequality for sums will be proved assuming differentiability of ϕ. Afterwards, Jensen’s inequality for integrals will be proved in complete generality. The proof of (1) uses the well–known property of differentiable convex functions that its derivative is an increasing function. Put

S = n∑ i=1 p_iϕ(x_i) − ϕ(A), where A = n∑ i=1 p_ix_i.

Jensen’s inequality becomes S ≥ 0. We have

S = n∑ i=1 p_i{ϕ(x_i) − ϕ(A)} = n∑ i=1 p_i

∫_{xi} A ϕ^′(x)dx.

If x_i ≥ A, the above integral is bounded below by ϕ^′(A)(x_i −A). It is easily checked that this bound also holds in the case x_i < A. Thus,

S ≥ n∑ i=1 p_iϕ^′(A)(x_i − A) = ϕ^′(A)

(_n∑ i=1 p_ix_i − A ) = ϕ^′(A)(A − A) = 0.

This proof shows, moreover, that assuming ϕ^′(x) is strictly increasing, equality holds in Jensen’s inequality if and only if all the x_i are equal.

The classical arithmetic mean–geometric mean inequality is obtained from Jensen’s inequality by taking the convex function to be the exponential function. The above proof specialized to this case is similar to the proof given in [1], though in this proof the property that the derivative of the natural logarithm is decreasing was used instead.

The statement of Jensen’s inequality for integrals is taken from [6].

Theorem 1. Let μ be a positive measure on a σ–algebra in a set Ω, so that μ(Ω) = 1. (That is, μ is a probability measure.) If f is a real–valued integrable function (with respect to μ), a < f(t) < b for all t ∈ Ω, and if ϕ is convex on (a, b), then ϕ (∫ Ω fdμ ) ≤ ∫ Ω (ϕ ∘ f)dμ.

Note: The cases a = −∞ and b = ∞ are not excluded.

In the proof a few simply–derived facts on convex functions are used [4,7]. The left–hand derivative D^−ϕ(x) and the right–hand derivative D^+ϕ(x) exist for all x ∈ (a, b). If a < x < y < b, then

D^+ϕ(x) ≤ ϕ(y) − ϕ(x)

y − x

≤ D^−ϕ(y) ≤ D^+ϕ(y). (2)

Let A = ∫ fdμ, and let S = ∫ (ϕ ∘ f)dμ − ϕ(A). Jensen’s inequality becomes S ≥ 0.

We get by inequality (2)

S = ∫ Ω {(ϕ ∘ f)(t) − ϕ(A)}dμ ≥ ∫ Ω {f(t) − A}D^+ϕ(A)dμ = 0.

A last remark: Jensen’s inequality for integrals implies (1). Simply take the function f to be the identity, and take the measure μ to be

∑_n i=1 p_iδ(x − x_i), where δ(x) is the Dirac delta function.

References

1. H. Alzer, “A Proof of the Arithmetic Mean–Geometric Mean Inequality,” American Mathematical Monthly, 103 (1996), 585.

2. E. F. Beckenbach and R. Bellman, Inequalities, Springer, Berlin, 1983.

3. P. S. Bullen, D. S. Mitrinović, and P. M. Vasić, Means and Their Inequalities, Reidel, Dordrecht, 1988.

4. G. H. Hardy, J. E. Littlewood, and G. Pólya, Inequalities, Cambridge University Press, Cambridge, 1952.

5. D. S. Mitrinović, Analytic Inequalities, Springer, New York, 1970.

6. W. Rudin, Real and Complex Analysis, 2nd ed., McGraw–Hill Book Co., New York, 1974.

7. A. Zygmund, Trigonometric Series, 2nd ed., Cambridge University Press, Cambridge, 1979.

Joseph Bennish Department of Mathematics California State University Long Beach, CA 90840 email: jbennish@csulb.edu