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COMMUTATIVITY MODULO RADICAL AND SPECTRA
IN L. M. C. - ALGEBRAS

A. K. Gaur

Abstract. A locally multiplicative convex algebra F is commutative modulo
the radical R(F) if and only if the left joint spectrum of a finite set of elements is
contained in the right joint spectrum of these elements.

1. Introduction. Let E be a commutative complete l.m.c. algebra and let
X1,T2,...,Ty bein E. Then the joint spectrum [1, 3] of 21, xa, ... ,z, is the subset
of C, the complex plane, defined by:

sp(E; w1, oy ..., Zy) = {(d(x1), d(22), ... ,d(xn)) + @€ AE)},

where A(F) is the maximal ideal space of E. In other words, sp(E; 21,22, .. , %)
is the set of complex n-tuples (A1, A2, ..., A,) such that either E(A; —x1) + -+ +
E(A\y, —xy,) is a proper left ideal or (A —z1)E + -+ -+ (Ap — 2, ) E is a proper right
ideal. If n = 1, then the joint spectrum of a single element reduces to the usual
notion of spectrum.

Let E be a complete l.m.c. algebra with unit and with a fixed family {p,},
a € I of submultiplicative seminorms. For each a € I, let E,, be the Banach algebra
with unit and ¢,: £ — FE, be the quotient map, then F is imbedded as a dense
subalgebra of the projective limit via the Arens-Michael decomposition. Denote by
Q(E) the set of all spectral states of E and p,(z) is the spectral radius of z, € E,.
Then,

QE) = a5(QUE)),

where ¢ is the adjoint of ¢, and

Q(Ea) = {f € EZ : f(e) =1, |f(17)| < pa(x)a T e Ea}v

(see [1]). Let A, be the set of all multiplicative linear functionals on E, and let
R(E) be the radical of E.

Theorem 1.1. Let E be a complete l.m.c. algebra with unit. Then E is
commutative modulo R(E) if and only if co sp(E;z) = {f(z) : f € QE)}.
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Proof. Let E be commutative modulo R(E). Then for z,y,z € E, z(zy — yx)
is quasi-regular [3].
For each a € F,
PE.(TaYa = YaTa) =0,

because
pe(zy —yx) =0 and pg = sup pE,.
@

This proves that E, is commutative modulo R(E,), [4]. So by the definition of 2,
we obtain

Sp(Ea;xa) = {¢a(xo¢) : (ba S Aa}'
Since A, C Q. and ), is a convex set, we also have
co Sp(Ea;xoz) - {foz(xoz) D fa € Qa}'

Further, the family of spectra is directed and

sp(E;z) = | J o sp(Easa),

[e3%

which also proves that

co Sp(Ea;Ia) = {fa(xa) D fa € Qa}-

This, in turn, implies that

co sp(Esx) = {f(z) : f € Qp}.

We will show that the condition

co sp(E;x) ={f(x) : feQr}

implies that F is commutative modulo R(E).

Let f € Q(F). Then for z,y € E, sp(F; (xy—yz)) = {0}. It is obvious that F,
is commutative modulo R(E,), a € I. Hence, for x,y,z € FE, we have z(zy — yx)
is quasi-regular in E. This shows that xy — yz € R(FE) and thus, E is commutative
modulo R(E).
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2. Joint Spectra and R(E). In this section we establish a necessary and a
sufficient condition for an l.m.c. algebra E to be commutative modulo R(E). We
denote the left and right joint spectra of E by SPL(E) and SPR(FE), respectively.
These spectra are defined as follows.

SPL(E) = {/\Z— eC : ZE(I —\) # E}
SPR(E) = {/\i eC : zn:(a:i —N)E # E}

We prove the following theorem.

Theorem 2.1. Let E be a complete complex lL.m.c. algebra with unit and let
x1,%2,...,%y be in E. Then SPL(E) C SPR(E) if and only if F is commutative
modulo radical R(E).

Proof. Let E, be a commutative modulo R(E,) and
Ialaxaw'- . axan € Ea-

Then
sp(Eo/R(Ey)) = SPL(E,) = SPR(E,).

If M € A(E,), then
k
MEQ—{Zmi:rai tmy €M, x, € By, i=1,...,k; k—1,2,...}
i=1

and M C ME,. Suppose M # ME,. Then there exist my,ms,... ,m, € M and
TaqrsTags -+ > Ta, € Eo

such that
Lo =MiTa, + -+ Mpky, #= M.
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If M; is the left ideal of E,, then the maximality of M implies that M; = E,. This
shows that
€a =M +M1To, + -+ MpZa,,

where ; =ym; € M,i=1,2,... ,n, and e, is the unit of E,. This proves that
0¢ SPR(m,m1,...,My,)
and hence, there exists v9,71,-.. ,Yn € Fq such that
Yom + y1my + -+ Yy = €q.

Thus, e, € M, which contradicts the fact that M is a proper ideal. So we have
shown that M is a two-sided ideal and M = ME,. Let E,/M be the quotient
algebra. If H, is the set of all nonzero elements of this quotient algebra, then any
element in H, has a left inverse and H,, is a group as well as a semigroup. By the
Gelfand-Mazur Theorem we have E, /M = C. Hence, E,/R(E,) is commutative.

The following definition comes from [2].

Definition 2.1. The left and right approximate point spectra of
Loy 3 Ta, € Ea
are defined as follows.

SPLp(Tayy---%a,) = {(/\1,... JAn) €C™" 0 inf Z [(@a; — Xi)yall = O}
i=1

lyalla=1%

P apy - s dba = sy A\n "o inf a\ra; = N\ = )
SPRp(a,,--- ,%a,) {()\1 M) €C 1n:1;||y (Ta, — M) o}

lyalla

respectively. Also, note that
SPp = SPLp| JSPRp,

where SPp denotes the point spectrum.
Let SPLp(x) and SPRp(x) denote the left and the right approximate point
spectra of z in F.
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Theorem 2.2. For each o € I and z,, € F,,

SPLp(xq) C SPRp(xs) implies SPL(xy) = SPR(z4).

Proof. By the definition of spectrum, the condition SPL(x,) = SPR(x,) is
equivalent to the following condition.

If for zo,ya € Eo and x4Ya = €4, then yaz, = €4, where e, is the identity
in E,, [1]. Let SPLp(zs) C SPRp(z,) and x4Ya = €o. Then for o € I and
Uy € By,

ltuatayalla = l[talla < l[taTallallyalla-

This shows that 0 ¢ SPRp(z,) and since SPLp(zo) C SPRp(24), we have 0 ¢
SPLP(LL'Q).

Hence, there exists a € > 0 such that €||zq||o < [|Zatiallo for all z, € E,. Let
Za = YaZa. Then

Tala = xa(yaxa) = (xayoz)ma = €alq-
That is, 0 = z4(eq — 24) and
0= [|zalea = 2a)lla = €llea — 2zalla-

Thus, e, = 2z, and the theorem follows.

Corollary 2.3.
SPLp(xz) C SPRp(x) implies SPL(z) = SPR(z),

for all x € E.

Proof. Since
sp(B; ) = | sp(Ba; 2a),

the corollary follows from Theorem 2.2 and the fact that the union of left and right
joint approximate spectra is the joint spectrum and the union of left and right
approximate point spectra is the joint approximate point spectrum [2].
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Example 2.1. Let X be the vector space of the 3 x 3 matrices generated by the
following matrices and the identity matrix I5.

I

|
o O O
S O =
o O O

1
 Xo=10
1

oS O O
oS O O
>
I
o O O
_ O =
oS O O
s
I
o O O
O = O
oS O O

Of all possible products of these matrices, the nonzero products are
X=X, X=X, X1 Xy = X1, X3X, = X3 = XpX,.

Hence, X is an algebra generated by X1, Xo, X3, X4 and I3. An arbitrary element
2 of X has the following form.

xr = 0413 + Oéle + 042X2 + 043X3 + 044X4,

where «; are scalars. Let ¢1,¢2, and ¢3 be the multiplicative functionals on X.
Then ¢;(x) = a, ¢2(z) = a + @z, and ¢3(z) = a + a4 and

R(X) = ﬂ{ the kernels of ¢;, i = 1,2, 3}.

Hence, by Theorem 2.1, X/R(X) is commutative.
Further,

SPLp(X; 13+ X1;X2) ={(1,0), (1,1)} & SPLr(X, Is + X1; X5) = {(1,0)}.

The above example estalishes that there are algebras where X/R(X) is com-
mutative but SPLp ¢ SPLRg.
Last but not least, we have the following question.

Does the condition SPLp C SPLpg imply that X/R(X) is commutative?

We note that the last example gives a converse of the above posed question.
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