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CHARACTERIZATIONS OF ARITHMETICAL PROGRESSION
SERIES WITH SOME COUNTEREXAMPLES
ON INTERPOLATION

Badih Ghusayni

Abstract. Characterizations of the functions

1+ =2

and f(z) =

(1-2)?

are given. We also give counterexamples to show that some generalized problems
on interpolation do not hold.

1. Introduction. Suppose that

f(z)= Z anz"
n=0

is a power series with positive coeflicients and positive radius of convergence. As-
sociate a_1 =0, r, = ap—1/a, forn =20, 1, 2, .... It is known [3] that if

lim " — R,

n—oo a/’ﬂ-l-l

then the radius of convergence of

E anz"

n=1

is R and also [2] if

log(z:27)
liminf ——*~ = L > 0,
n— 00 logn
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then
o0
E anz"
n=0

is an entire function of order < 1/L. In addition, if

log(72)
lim —=+" =T >0,
n—oo  logn

then
oo
E anz"
n=0

is of order 1/L.

In his paper [1], Abi-Khuzam used the term “normalize” as follows.

If

g(z) = f(cz) with ¢ a positive constant, then g(z) will have positive coefficients

{bn} and if s, = by_1/by, then g(s,) = f(rn), n = 0,1,2,....

Thus, one can

normalize the function f(z) to make a1 equal to a given number without changing
the sequence {f(r,)} and such a normalization was incorporated in [1] where the

following theorems were proven.

Theorem 1 [1]. If
f(z)= Z anz"
n=0

is a power series such that
(i) ap >0forn=0,1,2,...,

(ii) 0 <7y, < R < o0, where R is the radius of convergence, and
(iii) there exists a positive real number « such that a3 = a+ 1 and

a+1
f(rn):<n+a) forn=0,1,2,...,

(0%

then

f(z2) =1 =27 forall 2| < 1.
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Theorem 2 [1]. If
f(z)= Z anz"
n=0

is an entire function such that
(i) ap >0forn=0,1,2,..., and
(ii) a1 =1 and f(r,) =e" forn=0,1,2,...,
then
f(z) =¢* for all 2.

In concluding an interesting paper, Abi-Khuzam [1] raised the following ques-
tions.

Problem 1. If
F0) = anr™, gr) = bur”,
n=0 n=0

Trn = Ap—1/0n, Sn = bp—1/byn, and f(r,) = g(sy) for all n > 0, does it follow that
modulo normalization f = g7

Problem 2. Since the hypothesis of Theorem 2 holds for functions with positive
and negative coefficients e.g., f(z) = e™#, one may ask whether it holds true under
the assumption a,, # 0, instead of a,, > 0.

In this paper we will find characterizations of a type similar to Theorems 1
and 2 and also solve Problems 1 and 2.

1. Characterization of f(z) = z/(1 — z)?. Consider the power series

f(x):x+2x2+3:v3+---=Zn:c"=ﬁ7 —l<z <l
— X
n=1

Here r, = n/n+ 1 for n = 0,1,2,.... Since 0 < 7, < 1, f(ry) = n(n + 1),
n=0,1,2,.... This suggests the following theorem.

Theorem 3. If

f(z)= Z b, 2"
n=1
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is a power series such that

(i) b, >0forn=1,2,....
(ii)) 0 < s, < R<oo,n=0,1,2,..., where R is the radius of convergence
and s, = b, /by+1, and
(i) by =1, be =2, and f(s,) =n(n + 1),
then

flz)= ﬁ for all |z] < 1.
Proof. It is clear that
TR

satisfies (1)—(iii). We now prove that

z

(1-2)?

is the only such function. This is clearly true if z = 0. Suppose now that z # 0.
Let

Then

P(z) = an+1z”
n=0

with the same sequence {s, } associated. Using by = 1 and by = 2 we can write

n=2
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Letting a,, = bp41, n =0,1,2,... we have

Piz)=1+2z+ Zanz”

n=2

with the sequence

o) = {5t

associated. However, P(r,,) = P(s,) for n =0,1,2,.... Then

P(z):Zanz" with a,, >0 forn =0,1,2,...,

n=0
QAp—1 b
O<r,=——=—"""=53,<00, a =2, and
(7% bn+1

Next, we show by induction that s, = n/n + 1. From the representation of P(z)
above, s; = 1/2. Suppose then that s, = n/n + 1. We shall show that s,41 =
(n+1)/(n+2). Now s182...8, = 1/bp41. Thus,

1 1
bnto = ) n :
5182 ...5nSn+1 33 piSntl

Therefore,

n+1 n+1 brn+1
bpyo = or Spy1 = =
Sni1 bpya  bpio

which implies that b,+1 = n + 1 and consequently s,+1 = (n+1)/(n + 2).
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As a result we get

forn =0,1,2,.... Thus, by Theorem 1 (with a = 1) it follows that

Consequently,

and the proof of Theorem 3 is complete.

3. Characterization of f(z) = (1 +2)/(1 — z)2. To find such a characteri-
zation we will use the following.

Lemma. The function

fa) = (_1>

is a decreasing function on [2, 00).

Proof. log f(z) = (2¢ — 1)[log xz — log(x — 1)] implies

L :Zlog:vfl_xz(fc:i)

T 2z —1
x—17 2z(x—1)
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But this follows easily using the derivative of

T 2z -1
x—1 2z(x—1)

log
and the proof of the lemma is complete.
Next consider the power series

oo

1+

_ 2 _ n __
Here ro = 0 and r, = 2n —1)/(2n + 1) for n = 1,2,.... Since 0 < r,, < 1 for
n=20,1,2,..., f(rg) =1, and f(rp,) =n(2n+1), n =1,2,.... This suggests the

following theorem.
Theorem 4. If

f(z)= Z an 2"
n=0

is a power series such that
(i) ap >0forn=0,1,2,...
(i) 0 <r, < R<oo,n=0,1,2,..., where R is the radius of convergence
and 1, = an_1/ay, and
(i) ap =1, a1 =3, and f(r,) =n(2n+1),n=1,2,...
then

!
T2 forall |2 < 1.

f(Z):m

Proof. Clearly

142
(1—2)2

satisfies (i)—(iii). We now prove that

1+ 2
(1-2)?
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is the only such function. Using ag = 1 and a1 = 3 we can write

f(z)=1+3z+ianz”

n=2

with the sequence

=%

associated. Now f(r1) = 3. Since r; = 1/3, we have 3 = f(1/3). The positivity
of {a,} implies f is increasing on [0, R). By (iii), {f(r)} is increasing. So {r,} is
increasing. Thus, 1 <r, < R or

1
§§Tn<RfOI‘TL:1,2,....
Consequently,
lim r, = R.
n—oo
Let
L. 2n+1 2n+1
b=l oy —qrm and 0 =sup o,
Clearly
1
3 <B<R<§<3R
Moreover,
2n+1 2n+1

r, <2n—1<

rn, form=1,2,....

4]

In particular (n = 1) we see that 5 < 1 and § > 1. Let r be a number such that
0 < r < B. We shall show by induction that

Cn+1+8)..5+2)3+L)
27 (8 —r)n

FM(r) < f(r), forn=1,2,....
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First
fr) = gnanrn_l = %g 2na,r" " = %g@n — Dapr™ ! + %g P
= % g@n + Dapar" ' + %fy) 35 2(271 + 3)anr" + %fg)
- %in + (o + 9F0) = 5F (1) + (5 + 37 (0)
Thus,
£ < %th (r) )

Assume the induction hypothesis that

D) = 3 nln— 1) (n— b+ a,rn ke
=k—

n 1

% —1+8y...(5+8y34+28
3 2’@5)(6_(@1@—2)( 2 fir)
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for some integer k > 2. Then

f(k)(r) = in(n— 1)(7’L— k+ 1)anrn—k

k

3
Il

(n+k—1)n+k—=2)-napp1r" "

M

1

3
Il

(2n+2k —2)(n+k—2)---napp_1r" "

I
N =
[M]8

1

3
Il

l\DI»—A

Z n+k—=2)2n+k—1) = Nansp_1r" "
1 o0
52 (n+k—2)aptk—17r"

< 2[3211 m+k—=2)2n+k—1)+1aptr—2r""

l\DI}—l

Z (n+k—2)app—11"



120 MISSOURI JOURNAL OF MATHEMATICAL SCIENCES

-1
5] an+k—27°n

I
|~
M8

3
Il
-

n --(n+k—2)[(n+k—1)+

Z (n+k—2)aptk—11"

l\DI)—l

1 oo
< E Z n---(n4+k—2)na,por" "

r

>0 (k—1)
( )%2 (n+k—2)antp—ar" 1—}—%][7@

- % Z(” —Dn---(n+k—2)anip—or""

r

3 (k=1) (-
< _)%Z n+k_2)an+k or™ +%f7()

00 (k—1)
:%E n+/€—1)an+k "+ (k-f—%)%f(kl)(r)"r%ffm

= 2100 + (k4 5) 314700 + 5140

B B
) INL 1571 (r)
90 < (k4 5) 30+ 50
Thus,
f(k)(r)g ;2;;'—:]0(16 1)() ;fﬂirf(k 1)()
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Consequently,

1 k14 k148 (G+ DB+
* (B—r)F

fPr) <

[\)

which completes the induction proof.

We now use inequality (1), Taylor’s Theorem, and the binomial series to obtain
for0<c<r<pg

> 4(n) (e
1 =3 LD g
n=0 '

n

> (2n+1+€)...(5+§)(3+§)

Sf(c)ngo 2nn'(ﬂ—c)n (T‘—C)n
24+ 1+8) 5+ 8)B+E) fr—c\"
gf(c)[1+zl sl (=)

Next, let s be a number such that 0 < s < 5. We shall show that

oM 4+1)---5-
Now,
' s) = nansn_l = — 27’Lan8n_l
=2 PR

n=1 20 n=1
1 & n 3
= %2(2714—3)&718 gf (5)"‘%]0(5)
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Thus,

Assume the induction hypothesis that

fED(s) = i n(n—1)---(n—k+2)a,r" 1
k-1

|
[0
T
—
—
>,
|
»
S~—
B
—
s
—~
w
~—

for some integer k > 2. Then,

f®(s) = i nn—1)---(n—k+1)a,s" "

M

(n+k—1)n+k—=2)-napip15""

Il
N =
NE

(2n+2k —2)(n+k —2)---napip_15""

\Y4
NSRS
NE

n---(n+k—-2)2n+k-1)— 1]an+k,1s"71

> — Z n---(n+k—2)2n 42k — Dapypos" '

o0

1
=% Z(n +1)--(n+k—=1)n+2k+ Dapip—15"

n=0
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gz nn+1)---(n+k—1)antp-18""
2k + 1
25 (n+k—1)(n+2)(n+1)apik-15"
n=0

s 2k +1 0
= 270 (s) + ZEL 0 ),

Thus,

2k+1

)

F®(s) >

DN | =

and therefore (using the induction hypothesis)

which completes the induction proof.

Similarly we use inequality (2), Taylor’s Theorem, and the binomial series to
obtain for 0 < c < s < <4,

2 0]+ 3 B (=) o =]

Case 1. (f is achieved). There exists m > 1 such that

2m+1

b= 2m —1

m-
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We shall show that 8 = 1. If m = 1 there is nothing to prove. Assume m > 2. Now

8 > 7, and we can use ¢ = 1,1 and r = 1, to get

34+

[ﬁ—rm—l] s S f(rm)
B—=rm - f(rmfl)
But,

B 2m+1

T 2m—1"
Therefore,

m(2m + 1) )]2’”1

[u}m - [<m “Dem—1

B_Tm

Now using the lemma we have

m 2m—1 m_’_% 2m
- > .
m—1 - m—%

Thus,

:|4m—1

2m+1]2m[2m+ 1}2’”‘1 3 [2m+1

B_Tm—l am—t >
“12m -1 2m —1 2m —1

ﬁ_'rm

and consequently,

So
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It follows that

2m —1
> .
pz 2m—3ﬂ
Since m —12>1,
2m —1
< _
A< 2m—3rm !
Therefore,
2m —1
= 2m—3Tm_1

Proceeding as above it follows that g = 1.
Now by the definition of 5 we have

— < forn=1,2,.
Tn 2n —
But,
1
an =
r1re...Tn

and hence, a,, < 2n + 1. Thus,

and so a, = 2n + 1. Consequently,

!
T2 forall |2 < 1

f(Z):m

in this case.
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Case 2. (B and § are not achieved). Here for every n = 1,2, ...

2n+1
= Tn
2n—1

8 < <0

Since § is an infimum, a subsequence of

2n+1
Tn
2n—1

must converge to 5. But as the subsequence itself is convergent we must have

. 2n +1
lim

n—oo 2n — 1

rn = 5.

Then

lim r, = §.
n—oo

So 8 = R. Since J is a supremum, we must also have

lim 7, = 6.
n— o0

Thus, 8 = R = § and using the definitions of 8 and § we have

2n + 1
n — R
-1
for all n =1,2,.... That is, this case cannot occur.
Case 3. (8 is not achieved but ¢ is). Here for every n = 1,2,... we have
2 1
B < n+

m—_1"
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and there is an integer m > 1 such that

2m+1
0= Tm-
2m —1

If m = 1, there is nothing to prove. Assume m > 2. As in Case 2,

. 2n+1
lim
n—oo 21, — 1

Tn:B

so that 8 = R. In particular, r, < 8 <6 for n =0,1,... and we can use ¢ = 7,1
and s = r,, to get

<55_—7mm) = [<m”i(f?f2§3 1)]2'

But

m < 2m+1 2.
m—1~"\2m—1
So

0 — I'ym—1 < 2m +1
o—rm ~— 2m-—1

and the result follows as in Case 1.

4. Counterexamples. Here is a counterexample for problem 1.
Let

> 1

f(T):;an

and let

n

g(r) = Z (niilyr".

n=0
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Clearly,

1\° 1 1\°
Tn—e(l—l——) andsn——<1—|——) for n > 1.
n e n

Now
f(re) =1+§ﬁ Kl+ %)nr = g(sy) for k > 1.

Moreover, since g = 0 and so = 0, it follows that f(rg) = 1 = g(sg) and therefore
flri) = g(sg) for k > 0. However, f # g.

Here is a counterexample for Problem 2.

Let

[ =3 an"
n=0

be an entire function such that
(i) ap <0 forn=0,1,2,...
(ii) a3 = -1 and f(r,) =€" forn=0,1,2,...
and put g(z) = —f(z). Then clearly g(z) satisfies all the hypothesis of Theorem 2
and thus, g(z) = e* for all z. Consequently, f(z) = —e* for all z.
This shows that the condition a,, > 0 for n = 0,1,2,... cannot be relaxed to
the condition a, # 0 forn =0,1,2,....
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